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Section 2.4 - Exact Differential Equations
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Recall: The (total) differential of a function z = f(x,y) whose partial derivatives exist is
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Definition 2.4.1 Exact Equation

A differential expression M(x, y) dx + N(x, y) dy is an exact differential in a
region R of the xy-plane if it corresponds to the differential of some function
f(x, y) defined in R. A first-order differential equation of the form

M(x, y)dx + N(x,y)dy =0

is said to be an exact equation if the expression on the left-hand side is an
exact differential.

It's easy to build an exact differential equation just by taking the differential of any f.
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Theorem 2.4.1 Criterion for an Exact Differential

Let M(x, y) and N(x, v) be continuous and have coglinuous first partial
derivatives in a rectangular region R defined by a <x < b, c <y <d. Then a
necessary and sufficient condition that M(x, y) dx + N(x, y) dy be an exact

differential is
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From Calculus III (Taken from Stewart's Calculus, Section 14.3):

Clairaut’s Theorem Suppose f is defined on a disk D that contains the point
(a, b). If the functions f,, and f,, are both continuous on D, then

fl'_\ (ﬂ! b) = f\:(aa b)
Mixed 2nd partials of a twice-continuously differentiable function are the same.

Disk, or rectangle.... Much the same idea of a convex, bounded, connected region.
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Theorem 2.4.1 Criterion for an Exact Differential

Let M(x, y) and N(x, y) be continuous and have continuous first partial

derivatives in a rectangular region R defined by a <x < b, c <y < d. Then a

necessary and sufficient condition that M(x, y) dx + N(x, y) dy be an exact

differential is "Euler's Criterion for Exactness."
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Example 4: A non-exact equation made exact by clever choice of integrating factor.
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Section 2.5 Substitution.

y(In(x) — In(y)) dx = (x In{x) — x In(y) — y) dy
Not planning on going into the theory very deeply. Just going to follow our noses, intuitively,
based on the presumption that an integrating factor exists, and proceeding to what it must be.
The rest is solving the resulting equation after the multiplication by the integrating factor.
The above is the 1st question on Chapter 2 Written Work.

I figured I could work at least the first question without 2.5, but no. Right out of the gate, they're
giving you a 2.5 question!
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