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CURL AND DIVERGENCE
F=Pi+ Qj+ Rk=(P.O.R)

d d d & 6 &
V=i_+._+k_:<_s :_>
ox ay dz \x oy &

This should make you think of torque, and curl does, indeed, say something about the tendency of things
to rotate.

[3] THEOREM If f is a function of three variables that has continuous second-
order partial derivatives, then

curl(Vf) =0

Since a conservative vector field is one for which F = Vf, Theorem 3 can be rephrased

as follows:
If F is conservative, then curl F = 0.

This gives us a way of verifying that a vector field is not conservative.

The converse of Theorem 3 is not true in general, but the following theorem says the
converse is true if F is defined everywhere.

(4] THEOREM If F is a vector field defined on all of R* whose component func-
tions have continuous partial derivatives and curl F = 0, then F is a conservative

vector field.

That's why we spend a lot of time looking for holes. But just because curl(F) is zero doesn't automatically
mean that F is conservative. But if it's defined everywhere, with continuous second partials everywhere,

then yes.
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This is the first example where a conservative field F was a function of 3 variables. Part (b) takes it to
the next (3-variable) level.

A4 EXAMPLE 3
(a) Show that

F(x,y,2) = y*2’i + 2xyz’j + 3xy*z’k

is a conservative vector field.
(b) Find a function f such that F = Vf.
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divergence of F
diVF=£+Q+£ =V F
dax ay 0z

curl F is a vector field but div F is a scalar field.

(1) THEOREM IfF = Pi + Qj + RKis a vector field on R* and P, Q, and R
have continuous second-order partial derivatives, then

divcurl F=V-(V XF) =0

(Apply Clairaut's 3 times.)
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If F(x, y, z) is the velocity of a fluid (or gas), then div F(x, y, z) represents the net rate
of change (with respect to time) of the mass of fluid (or gas) flowing from the point (x, y, z)
per unit volume. In other words, div F(x, y, z) measures the tendency of the fluid to diverge
from the point (x, y, z). If div F = 0, then F is said to be incompressible.

(V) = V- (V) = 2L 4+ I I gy

8y2 8z*
Laplace’s equation
f &f , ¥f
2 — + -
L ayz 0z* ¢
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VECTOR FORMS OF GREEN'S THEOREM
_ |'=F=<x(r),y(r)>
F=Pi+ Q] =(P(x.0).0(xy))={P(x(r).5(t).0(x(¢).5(1))} =F (r)

F's line integral:

§Fdr=§ Pdx+ Qdy=§(P(x(1).r(1)).0(x(0)y(0))) ¥ (1) (1)

By the expedient of treating F as a vector field in 3-space, with 3rd entry 0, we can re-state Green's
Theorem in vector notation as follows:

curlF=V X F =

e ¢ @&
Var (2 2 Zhn(pen o))

(20 £ (00 20)- 2 (¢ () | 2(0(5)- £ (Pl

_{0-Q [o_SB|Q 2P\ _ -
_<0 oz’ [0 Bz}ar ay> 0.0.0,-5)

The line integral of the tangential component of F along C is the
double integral of the vertical component of curl F over the region D enclosed by C.
That's a double mouthful. It's easier to express, symbolically:

£_F-dr=g(curlF)-de N

¢ o<

Recall the outward normal vector n. _

B N

¥t . ) - (Obtained by the easiest way to build a vector whose dot
0] - | r'(e) | J product with the unit tangent is 0.)

n(s) =

The inward normal is N(¢) = T (f) .where T = r ('f)

(7)) r'(2),
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§ Fends=[" (- n))|r'e)]d

_[* P(x(®),y0)y'(®)  Q(x(0), y(1)) x'() ] ,
'L [ | rf(‘) | | ra(r) | | r (I) I dt

- f P(x(1), y(0) y'(t) dt — Q(x(1), y()) x'(s) it
- Pd”_Q"""ﬂ(aP ag) = ([ 7-F

This last by Green's Thm. = {g‘ =

This gives us a second vector form for Green's Thm:

i;; §F nds—ﬂ'dwF(x.y)dA

@ ¥ 33) outward

This version says that the line integral of the normal component of F along C is equal to
the double integral of the divergence of F over the region D enclosed by C.
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I-8 Find (a) the curl and (b) the divergence of the vector field.
I. F(x,y,2) = xyzi — x’yk

3. Fx,y,2) =i+ (x+y2)j+ (xy — Vz)k

1. F(x, y,z) = (Inx, In(xy), In(xyz))
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13<18 Determine whether or not the vector field 1s conservative.
If it is conservative, find a function f such that F = V.

13. F(x,y,2) = y°2’1 + 2xyz’ j + 3xy’z°k
= R S N
FVX{: A ’3\3’31531/5’
X ( yre, lx«jf/’%xy“;7>vy2@/ ’2\«9%—5

CoyPlagg3f 23 a0 285> = O
So J\jng 67%”71

(4] THEOREM If F is a vector field defined on all of R’ whose component func-
tions have continuous partial derivatives and curl F = 0, then F is a conservative
vector field.
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17. F(x,y,z) = ye"i + e *j + 2zk
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19. Is there a vector field G on R such that
curl G = (xsin y, cos y, z — xy)? Explain.

BUJL di\l(éur‘l (C:\\: Q\‘,\}((x §Q3/Q0§<7/%~Xl7>3

< sl s+ L =1 #0
Wc\o(n 'S ?h«@o<§’(é€¢ 7‘£\ G S & Wwe cTos Cdof

ND, e go,h\x/\,\ d?\/(Cu\r( (QZ))‘ O

21. Show that any vector field of the form

F(x,y,2) =f(x)i +g(y)j + h(2) k

where f, g, h are differentiable functions, is irrotational

= d > 4
curt (€3 L iy o :T«:‘L_v

s L P, j(\q\, h () 57&)()/36?)
ZO/ 0, oy = ¥ s ;v\oial\,,,h\qﬁ
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22. Show that any vector field of the form

is incompressible.

- < — —
div(@=vVE =0 = ot +O0y +0«

F(x,y,z2) =f(y,2)i + g(x,2) j + h(x,y) Kk

Nap,

Nov 25-3:25 PM

10



16-5-notes.notebook

December 03, 2018

:,QP+£g+ﬁ$“£@v

23-29 Prove the identity, assuming that the appropriate partial
derivatives exist and are continuous. If f is a scalar ficld and F, G
are vector fields, then fF, F * G, and F X G are defined by

(fF)(x,y,2) = f(x,y,2) F(x,y, 2)
(F-G)x,y,2) =F(x,y2)°G(x,y2)

(F X G)(x,y,2) =F(x,y,2) X G(x, y, 2)
25. div(fF) = fdivF + F - Vf
L q. <P, 00, R
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33. Use Green's Theorem in the form of Equation 13 to prove
Green’s first identity:

§_F ‘nds =J‘ div F(x, y) dA
[[rvi9an={§ s(Vg) -mas - [[ Vs~ Vgaa : b

&53 #25 div(f £)
where D and C satisfy the hypotheses of Green’s Theorem

continuous. (The quantity Vg * n = D, g occurs in the line inte- _ _
gral. This is the dircctional derivative in the direction of the = 9P F £ PAu(F)
normal vector n and is called the normal derivative of g.) (£5) - £ 'ﬁ ‘ f7 -

- ((ar-vgdh 4 ((p 7oV 4 A

H

g VE Vg da + ggm’?ol%l
D P

=7

SA(‘C”\J%AL\: ngﬂoﬁck - ((V?‘U7Qm
P L

c

35. Recall from Section 15.3 that a function g is called harmonic

Use Green's first identity (with the same hypotheses as in Exer-
cise 33) to show that if g is harmonic on D, then §. D,g ds = 0.
Here D, g is the normal derivative of g defined in Exercise 33.

J? A7 §§ cwnflF) T S

GREEN’S THEOREM Let C be a positively oriented, piecewise-smooth, simple
closed curve in the plane and let D be the region bounded by C. If P and Q have
continuous partial derivatives on an open region that contains D, then

J’F - dr = _"de+Qdy II(———) —j Pdx + Qdy

jcbm% ds = 5[“\73 ow ds _
c

[t Pz w#¥23 ™t V=0 acd
Thons @%,wg(gmjw:o
- Ay

and the appropriate partial derivatives of f and g exist and are = QQ - + £ V 23

j;vﬁ.aés - gg b (£19) o4 :ﬁ@f-% FP v (7))
¢

da

on D if it satisfies Laplace’s equation, that is, Vg =0 on D. = V=Vs
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