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16.5 Applications of Double Integrals
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Mass Density at (x, y) =p(x, y) = lim A4

Mass of the jjh rectangle ~ p(x¥, y¥) AA

i=1 j=1

m=3 3 plx3, 1) AA jj' p(x,y)dA =m
D

Total Charge from Charge Density: Q = J]‘ o(x,y)dA
D
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Moments and Center of Mass

Recall that we defined the moment of a particle about

an axis as the product of its mass and its directed distance from the axis.

[p(x7, ¥3) AA]yS
Prior to this, we assumed the density function was constant. Now, we do not.
moment about the x-axis:

M.= lim X 3 y}p(x}, y}) AA = ﬂ. yp(x,y) dA
D

—p o . .
m, n i=] je=I|

moment about the y-axis
M,= lim 3 E} x3§ p(x¥, y}) AA = j] xp(x, y) dA
D

m, n—,ee .1\ -

The coordinates (E, ij of the center of mass

M, _
m

i=%=%gxp(x,y)d4 y= %_[_,fyp(x,y)dz‘l

where m = H p(x, y)dA
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Moment of Inertia about an Axis:

moment of inertia (also called the second moment) of a particle of mass m about an
raxis is: mr?, where r is the distance from the particle to the axis.

I,= lim i E (¥Vp(x}, y¥) AA = j] y'p(x, y) dA

moA—® i) im]

L= lim 3 3 et ) AL = [[ xplx ) dA
i=] j=1 D
POLAR Moment of Inertia is the moment about the origin:

Io= lim i‘, i‘. (¥ + ) (e y2) AA = ﬂ (x* + y*)p(x, y) dA

m, n—>0

il 1
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Probability Density Function f of a continuous random variable x has the properties

f@=0 and [* f(x)dx=1
Pa<X<b)= _["f(x)dx
Now we have joint probability density function:

P(x,Y) € D) = [[ f(x,y) aa

D

Pa<X<b csY<d)= _f”.l"'f(x,y)dydx

The probability that X lies between
a and b and Y lies between c and d
is the volume that lies above the
rectangle D = [a,b] X [¢, d] and
below the graph of the joint
density function.

[[remaa=|[" [ fxydxdy =1
A
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ﬂf(x.y)dﬂ. =J‘i Illf(x,y) dxdy = 1

R



15-5-notes.notebook October 31, 2018

I. Electric charge is distributed over the rectangle 1 = x = 3,
0 =< y = 2 so that the charge density at (x, y) is
o(x,y) = 2xy + y? (measured in coulombs per square meter).
Find the total charge on the rectangle.

2. Electric charge is distributed over the disk x* + y> < 4 so
that the charge density at (x, y) is o(x,y) = x + y + x* + y?
(measured in coulombs per square meter). Find the total charge
on the disk.
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3-10 Find the mass and center of mass of the lamina that occupies
the region D and has the given density function p.

5. D is the triangular region with vertices (0, 0), (2, 1), (0, 3);
=x +
plx,y)=x+y Vx = x%/\»'—;x

10. D is bounded by the parabolas y = x? and x = y%

b= v §S’

Y= e Mass = ¥ dx c{7
o} ‘;]1:"
| 3 W’%ija ! 3 2
= f%x‘l@g} :J %En’)- (v)]%
© o
3 (

Mv:ggxpéﬁ My = K§V?JA

Y=V
g fy\/" ctjclx J‘g\ "’chc,X

l):

1 |
= =y [ _¢
! Ty=_ ¢ _x(e 2 | 2 =-=2=2
32[: X - o Ka’ 'zgs‘ \ s 2 sy
g‘\sz\ma/\/’%fx w = 2 m -'L M :2
\“{/ \j'q s X Ay
_ Mx \ G
N R U LT v
Cobar of wmess —<x/\3\ = ( - 2 W 39 /5§




15-5-notes.notebook October 31, 2018

I1. A lamina occupies the part of the disk x> + y* =< 1 in the Y peprtom ot do X
first quadrant. Find its center of mass if the density at any ey 02
point is proportional to its distance from the x-axis. A

Sovnr K < )’Q \
12. Find the center of mass of the lamina in Exercise 11 if the

density at any point is proportional to the square of its On fen -Co«-\ X-axrs »Q»
distance from the origin.
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28. (a) Verify that

fx,y) ={

is a joint density function.

(b) If X and Y are random variables whose joint density func-
tion is the function f in part (a), find
@ Px=1) @) PKx=}rs))

(c) Find the expected values of X and Y.

4xy if0=x=<1,0=<y=1
0 otherwise
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