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Section 14.5 The Chain Rule
14.5#s1,4,7, 10, 13, (17-20 (optional)), 24, 27, 32, 35, 43*, 45*

The Chain Rule (Case 1) Suppose that z = f(x, y) is a differentiable func-
tion of x and y, where x = g(¢) and y = h(r) are both differentiable functions of .

Then z is a differentiable function of r and

d= _ of dx | of dy

dr dax dr 3y dt
Note the interplay of J _ 15— 0

dz dz dx N dz dy
dt dx di dy dt
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|3J The Chain Rule (Case 2) Suppose that z = f(x, y) is a differentiable func-

tion of x and y, where x = g(s, ) and y = h(s, 1) are differentiable functions of s
and t. Then

9z _dzox  dzay 0z _ oz x| ez iy

+
s ax ds dy ds at dx At dy dt

Note that we're no longer talking about a space curve, but a surface, now. Whenx and y both
depended on one (the same) parameter ¢, the function was a 1-dimensional object embedded in 3-

space. When they each depend on 2 parameters, you get a 2-dimensional object embedded in 3-
space (a surface).

In the 2-parameter case, we say that s and ¢ are independent variables,

x and y are intermediate variables, and z is the dependent variable.
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This upgrades to arbitrary number of intermediate and independent variables in the natural way:

E] The Chain Rule (General Version) Suppose that u is a differentiable func-
tion of the n variables x,, x1, ..., x, and each x; is a differentiable function of
the m variables 1,, -, . . ., t,,. Then u is a function of #, 1, . . ., t,, and

dut du  dx, du  0x- du  dx,
+ +o =

dt; dx,; 0d; dx> 0l dx, OJt;

foreachi=1,2,...,m.

u

WA

FIGURE 4

EXAMPLES If u = x'y + y?z°, where x = rse’, y = rs’e ™', and z = r’ssin t, find the
value of du/ds whenr = 2, s = 1,1t = 0.
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EXAMPLE 7 1f z = f(x, y) has continuous second-order partial derivatives and
x=r>+ s?and y = 2rs, find (a) dz/dr and (b) 8°z/dr".
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Chain Rule

S Fix,y) = : :
uppose (T ) ) 0 and assume that y is (at least locally) a function of x.

oF dx dF dy

Differentiating both sides w.r.t.x gives -+ =

dx dx dy dx a

aF
and we obtain a slick formula for d_v _ dx _ ﬂ Ch N .
dx oF F_l- (Cheat sheet material)

dy

At first, this seems a bit odd way to do things, but it deepens our understanding of some of our
techniques for implicit differentiation, and shortens up a lot of the repetitive work involved in using
implicit differentiation to say things about curves that are not functions.

EXAMPLE 8 Find y' if x* + y® = 6xy.
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F(x,y,z) =0
z = fl(x,y)

F(x, y,f(x,y) = 0

dF dx dF ady

dF dz
=0

dx ox dy dx

dF JdF oz
+ =

dx dz odx

dz ax_

0

February 23, 2019

Here, we do not assume that y is
locally a function of x.
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7-12 Use the Chain Rule to find 9z/ds and 9z/0at.
7. z=x%% x=gscost, y=ssint

Qz _ 3 9x 2 g L= - 2%
3o | O assr&»g(;s = 2o ExYs v hyyg

dz | 3% I 3 3y — =2 %, + 2
3t o é)cjrotq ot 2y L VR

2 = ’ly\{}w;‘(? + ’55‘7”5‘@%
o Lo s oy ) s eos D

27-30 Use Equation 6 to find dy/dx.
27. Jxy =1 + x?y #27TNA 28. y* + x?y’ =1+ ye*'

2
'_35 403 (x\j\—L: y1&74—1
— (O ox F, .
(8], e e 2 o
dx oF F, =7 g6y (vy) - ¥ y-\ =0
ady

— dy - - I 3 09) ) = 24y
- v ?\7

LN ) —
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45-48 Assume that all the given functions are differentiable.

45. If z = f(x, y), where x = rcos @ and y = rsin 6, (a) find dz/dr Stewart has a way of referring back to
and 3z/36 and (b) show that these exercises for future exercises or to
az \2 az \?2 az\2 1 () get some of the work involved in proving
- + - - + - .
ax dy ar 2\ a6 theorems out of the way, so they can just

point you back to previous work.

Very underhanded.
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Jz 0z Oz Oz 0z
= —cosf + — sinf

Sl gy 0 5 = 7z (

2 2 2
(b) (%) = (%) cosgﬁ—l—‘Z%g—; cos @ sinf + (g—;) sin’ 0,

a2\’ 6‘222_2 dz 0z 4 , (")322 9
(%> = ($) < sin 9—2%8—9,? cos @ sin @ + (E) r< cos” 0. Thus

9z\ 1 [9zY a2\ 92\’ 5 . o 9z \ 9z \
( ) +ﬁ(%) = {($) +(8_y) (cos® @ + sin 8)_(%) +(8_y>

0z
—rsin@) + - rcosé.

45. (a) By the Chaimn Rule 3y

S

48. If z = f(x,y), where x = 5 + tand y = 5 — ¢, show that
az \* 9z \* oz oz
L L . == (2,)
(6):) (ay) ds ot &= ( X

= Clls,,y05,8)

5 L = > y9s
:J:S: %)(XS-‘- y\j5 —_— % YS ~
%)c—_zxbeny\]k_ 5 - EPEAE N

S %xXS’LQy\?s 2 4ﬁ%7 x=stt _y=g_ &

1 2
=2 2.2 = (3 +2 22 = 2, "2y

U, wL\aL'S ?/'\/O_,l §£(U*C,

/
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