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Section 11.8: Power Series

A power series is a series of the form

2
|I| Y oex"=co+ cix + cox?+ x4

n=0

where x is a variable and the ¢,’s are constants called the
coefficients of the series.

For each fixed x, the series (1) is a series of constants that
we can test for convergence or divergence.

A power series may converge for some values of x and
diverge for other values of x.
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Section 11.8 Power Series

11.8 #s 1 - 28 (Quick 'n' dirty. No need to be fancy, other than for future reference.)
I may opt out of some redundant exercises, as I work through them.

The sum of the series is a function
fx)=cpteox+cp+-—+c X"+

whose domain is the set of all x for which the series
converges. Notice that f resembles a polynomial. The only
difference is that f has infinitely many terms.

For instance, if we take ¢, = 1 for all n, the power series
becomes the geometric series

Exn=1+x+x2+...+xn+...
w1

which converges when -1 < x <1 and diverges when
|x] =1.

Generally, what we'll be doing is applying the ratio test, trying to make

S&\ = go,,xn

‘a :‘mexn ‘: Cnn ‘|x|<1
raEEEane N
(- 3, ") =
3 Uxl < ) B
Hopefully. there’s a nice formula for the ¢, 's! . s ey SR T
Ix| <« § & (ﬁ-ﬁ—%é >
~T et o3 3 © 3

Since the ¢,'s are just numbers, the inequality is a basic absolute-value inequality, we learn to solve in MAT 121.

Solutions to these absolute value inequalities are open intervals. The radius of these intervals (all centered at x = 0)
is called the Radius of Convergence R .

The only wrinkle new to Calculus II is checking the endpoints of the interval solutions to the inequality. We need to
do that, because the Ratio Test is inconclusive, when
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Series Radius of convergence Interval of convergence

Geomelric series l "
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Series Radius of convergence Interval of convergence
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Bessel Function
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More generally, a series of the form

[i] E clx —a)r =co+alx —a) +elx —ay+ -

=0

is called a power series in (x — a) or a power series
centered at a or a power series about a.

Notice that in writing out the term correspondingto n =0 in
Equations 1 and 2 we have adopted the convention that
(x—a)®=1evenwhen x = a.

Notice also that when x = a all of the terms are 0 forn > 1
and so the power series (2) always converges when x = a.
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E Theorem For a given power series 2, ¢,(x — a)" there are only three
possibilities: o

. . / <

(i) The series converges only when x = a. if“ - x-2)
(ii) The series converges for all x.  Rege, ¢
(ili} There is a positive number R such that the series converges if [x —a| < R

and diverges if [x — a| = R. 5 A
V‘
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S <2
1. What is a power series? f Q,‘y" = ian
w=0 w =D
2. (a) What is the radius of convergence of a power series?
How do you find 1t?

(b) What is the interval of convergence of a power series?

THs

How do yvou find it? = 2% ( Sq\x" Qov\mj;s?
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3-28 Find the radius of convergence and interval of convergence
of the series.
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