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Areas and Lengths in

m Polar Coordinates

In this section we develop the formula for the area of a
region whose boundary is given by a polar equation. We
need to use the formula for the area of a sector of a circle:
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Formula 1 follows from the fact that the area of a sector is
proportional to its central angle:

A= (012m)7rR = 1126,
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Let /& be the region, illustrated in Figure 2, bounded by the
polar curve r= f(¢) and by the rays #= a and = b, where f
is a positive continuous function and where0 <b—-a<2x.

Ll r=fi0 Again, the assumption that

angles are equal

Qe

Figure 2 M Figure 3
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The rays 6= g then divide % into n smaller regions with
central angle A= 6,— 6,_,. If we choose g in the ith
subinterval [6,_,, 6], then the area AA, of the ith region is 46; — O
approximated by the area of the sector of a circle with

central angle A@ and radius f(9*). (See Figure 3.)

So h—> co j“aﬂ%l@é"

We divide the interval [a, b] into subintervals with endpoints
Oy Oy Osy oo, 8, and equal width A6.
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Example
Find the area enclosed by one loop of the four-leaved rose
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Arc Length
.\‘
P(r.0) =P(x,y .
POTEEY x = rcos 6 y = rsiné
1 g ) ] }1
y r-=x-+y- tan 0 = —
X
Y
0 Y X
Figure 5
r=f(6)
X=rcos 0=f(0) cos @ y=rsin 6=f(0)sin @
dx dr ) dy dr
— =——¢0s0 — rsiné — = i -
10 40 rs1 70 70 sinf + rcosf

Not exactly new. Below is from 10.3. Already been doin' this.

dy  dy/d®

de  dx/dO
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This is basically the work done for #55 a. (< | [Ax )2, /A9 m
°° \m‘le = (v.:!b) o) &
dr \* dy \’ dr\* dr 5 s
—_— —+ —_— — _ 20 e i 42 . 2
((19) ((m) (d()) cos 0 — 2r 70 cos ) sinf + r-sin-6

i‘ ‘2 2 -!‘ ) )
+ (%) sin“@ + 2r ;—; sinf cosO + r cos @

dr \’ 5
=|— + r-
(dﬁ)
So the 10.3 formula for arc length...
L= (Y - (Y g
Ju do a6 ) °
takes the following form in polar coordinates:
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Also 10.3. "Spirograph Pictures."
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FIGURE 16 FIGURE 17

r = sin’(2.40) + cos'(2.44) r=sin’(1.26) + cos’(66)
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1-4 Find the area of the region that is bounded by the given curve
and lies in the specified sector.
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4 r=tanf, wo=60= 7w/3 ;@= '% .
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5-8 Find the area of the shaded region.
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9-12 Sketch the curve and find the area that it encloses. o
12. r=4 + 3sinf T\
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13-16 Graph the curve and find the area that it encloses.
16. r = 1 + 55sin 60
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17-21 Find the area of the region enclosed by one loop of

the curve. -
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23-28 Find the area of the region that lies inside the first curve
and outside the second curve.

23. r = 2cos 0,
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29-34 Find the area of the region that lies inside both curves.

30. r=1 + cosé,
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33. rP=sin20, r* = cos?20
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37-42 Find all points of intersection of the given curves.

37. r=1 +sin#, r=3sind

sl & =350
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45-48 Find the exact length of the polar curve.

45. r =2cosl, 0=0= 7
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