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‘r Coordinates

A coordinate system represents a point in the plane by an
ordered pair of numbers called coordinates. Usually we use
Cartesian coordinates, which are directed distances from
two perpendicular axes.

Here we describe a coordinate system introduced by
Newton, called the polar coordinate system, which is
more convenient for many purposes.

We choose a point in the plane that is called the pole
(or origin) and is labeled O. Then we draw a ray (half-line)
starting at O called the polar axis.

This axis is usually drawn horizontally to the right and
corresponds to the positive x-axis in Cartesian coordinates.
If P is any other point in the plane, let r be the distance
from O to P and let ¢ be the angle (usually measured in
radians) between the polar axis and the line OP as in
Figure 1.

P(r,0)

polar axis R
We use the convention that an angle is positive if
measured in the counterclockwise direction from the polar
axis and negative in the clockwise direction.

= o"\‘ﬁ.‘\
If P =then r=0 and we agree that (0, 6) represents the
pole for any value of 4.
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We extend the meaning of polar coordinates (r, ) to the
case in which r is negative by agreeing that, as in Figure 2,
the points (-r, 6) and (r, 6) lie on the same line through O
and at the same distance |r| from O, but on opposite sides

of O.
(r,8)

8+ 7

Qs )re/

«’ 2\ / ¢
e

P C

If r> 0, the point (r, ) lies in the same quadrant as &,

if r<Q, it lies in the quadrant on the opposite side of the
pole. Notice that (—r, 6) represents the same point as

(r, 8+ n).

November 12, 2015
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-r Coordinates

The connection between polar and Cartesian coordinates can be
seen from Figure 5, in which the pole corresponds to the origin and
the polar axis coincides with the positive

X-axis.
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The graph of a polar equation r = f(0), or more generally
F(r, 6) = 0, consists of all points P that have at least one
polar representation (r, &) whose coordinates satisfy the

equation. eI
= 2+ 2 los E
W

" ((’)*3@5@)9":—@ +3F = -G

\rad
=,
v (’1——”dos @)35\.9{/?’ + rdos©O

F(r, o)
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-“nple 4

What curve is represented by the polar equation r = 27

radius L
Q;rc]@ "C s

Figure 6

21
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!mple V4

Sketch the curve r=1 +sin 4.

P
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Of=1— 6=0 6=n © 627\_5/— N =2
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]
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(a) If a polar equation is uncha is replaced by
—& the curve is(symmetric about the polar axis: X—ox1S

(r, &)

E:C° =2 Cos@

E8® v= Cos (’2—@7

Figure 14(a) 7] —f

| WCLM?
O nuphaced ﬁj -<

29
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(b) If the equation is unchanged when ris replaced by —r,
or when @is replaced by 6+ z, the curve is symmetric

about the pole. (This means that the curve remains
unchanged if we rotate it through 180° about the origin.)
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(c) If the equation is unchanged when @is replaced by
7 — 6, the curve is symmetric about the vertical line
0= m2.

e v 13518
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-nple 9

) For the cardioid r =1 + sin &, find the slope of the
tangent line when 0= 7/3.

(b) Find the points on the cardioid where the tangent line |s
horizontal or vertical.

Using Equation 3 with r = 1 + sin 6, we have . , I =2
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-nple 9 — Solution ot

(a) The slope of the tangent at the point where Q =0 /3 is

v
dx

_cos(m/3)(1 + 2sin(7/3))
omnss (1 + sin(/3)(1 — 2 sin(/3))

_ (1 +4/3) _ 1 +4/3 |+ 3
C+32)0-v3) @+ -V3) -1-v3

37
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-nple 9 — Solution ot

(b) Observe that cos® (1+2520)=0

[.
i:c()sf}(l + 2sin @) = 0 when 0 =
¢

m|:1

!'.
X (1 + sin®)(1 — 2sin6) = Owhen § = -

do

(2, 7/2), (5. 77/6), (5, 117/6)
(5. 7/6) and (3, 57/6).

0= 3m/2,
. dy 1+ 2sinf 6 COos 6
lim — = m
0—(m/2)~ dx 6—(3m/2)~ l — 2 sin 6 a—mwm- + smB
o lim __cos6 (7]
3 6-(Ga/2) ] + sinf® "
. 38
LH ) —sin 0

= —— |lim
3 006w/~ cos @

= 0O
By symmetry,

, dy
lim — = —x
8—03m/2)* dx

13
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-nple 9 — Solution

Thus there is a vertical tangent line at the pole
(see Figure 15).

November 12, 2015
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‘ents to Polar Curves

Note:
Instead of having to remember Equation 3, we could

employ the method used to derive it. For instance, in
Example 9 we could have written

X=rcos 8= (1+sin &) cos §=cos 6+ %sin 26
y=rsin 0= (1+ sin &) sin &= sin 0+ sin?0

Then we have

dy dy/df  cos € + 2sinf cos 6 cos 0 + sin 26

dx B dx/db —sin € + cos 26 —sin @ + cos 26

November 12, 2015
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-ing Polar Curves with Graphing Devices

Although it’s useful to be able to sketch simple polar curves by hand,
we need to use a graphing calculator or computer when we are faced
with a curve as complicated as the ones shown in Figures 16 and 17.

Figure 16 Figure 17

44

16
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15-20 Identity the curve by finding a Canesian cquation for the 3
Curve,
.............
"“ v,
MN2=<r=<3 5S5w/fi=8=7Tr/3 .
. .,
R y —,

.,
.
--------
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21-76 Find a polar equation for the curve represented by the given
Cartesian equation,

|25. o+ yt = Zex
Y - acccos &
g\/)/v-vw—qé\/.( _I/L\"("

(_r)l; ('/L = QQFQOSQ

19
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29-85 Sketch the curve with the given polar equation by first
sketehing the graph of r as a funetion of 8 in Cartesion coordinates.
Br=H/ =0

\ \f:o

November 12, 2015
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A7-43 The figure shows a graph of » as a function of # in Cartesian
coordinates, Use it to skeich the corresponding polar curve

47
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53. {a) In Example | the graphs sugeest thal the limagon
r=1 + c sin # has an inner loop when | o] = 1. Prove
that this 1s e, and find the values of & that correspond o
the inner oo,
(bp Frosm Figure 190 appears that the imagon loses its dimple
when ¢ = 5. Prove this,

(&) (cl¢t = 1V +esa O >0

. SeT
rz +ecl B =0

(b) Take oot Ho
) T o %

November 12, 2015
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55-60 Find the slope of the tangent line to the given polar curve
at the point specified by the value of 6.

5. r=1/6, 6=

= é— ?!,': - - —(—

d& o
dy J,iggwgl = -L s & ¢ 5CosO
ae 46 e ] o

L eos & — 55
de d _é_mgl;ﬂ_’r_}_;’_dos’uf
23—2— - _,_LWQOS"\"'_"‘FS(’\“T‘/
o=T 7

November 12, 2015

_ = L= L
x=r cosT —_’T_C —

7-:(‘50-.7(’ =0

(u4.) = GT—,ZD)
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61-64 Find the points on the given curve where the tangent line
1s horizontal or vertical.

61. r = 3cos @

25
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