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10.21-#s 1, 3,6, 8, 11, 16, 17, 20, 25, 31
10.2 11 - #s 34, 37, 38, 43, 51, 57, 58

Calculus with Parametric Curves
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We see from  that the curve has a horizontal tangent when dy/dt

= 0 (provided that dx/dt # 0) and it has a vertical tangent when dx/dt
= 0 (provided that dy/dt # 0).
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It is also useful to consider d2y/dx2. This can be found by replacing
y by dy/dx in Equation 1:

d(ay ;
d*y _i(fl_}_>_ dt \ dx /_\

dx y <°

dx?> dx \ dx l
dt
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We know that the area under a curve y = F(x) from ato b is x= {b) ==

A =['F(x) dx, where F(x) > 0. J
XLk

dt

If the curve is traced out once by the parametric equations

x = f(t) and y = g(f), « < t < 3, then we can calculate an area dx = ](‘ /(JC) dt
formula by using the Substitution Rule for Definite Integrals
as follows:
*h *B *ao
A= | yde=| gf(r)di [m- ';; g(N f'(1) m]
x=b lc[wC{/ U‘JM

e(d(} sw
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-Length

We already know how to find the length L of a curve C
given inthe formy=F(x),a<x<b.

If F' is continuous, then

L=

Suppose that C can also be described by the parametric
equations x = f(f)and y = g(t), a <t < 8, where
dx/dt = f'(t) > 0.

This means that C is traversed once, from left to right, as t

increases from «to gand f(«) = a, f(f) = b. j{’
d
> 29 - Z;_
Puttind Formula 7 into Formula 2 and using the Substitution e ot
Rule, we obtain w= £y, 0 _ou |t
)
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Jn dx & Ju d.r/dr “f o !S
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Since dx/dt > 0, we have This 4’ oe
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'Surface Area

If the curve given by the parametric equations x = f(f),

y=g(f), a<t<p, is rotated about the x-axis, where f', g’

are continuous and g(f) > 0, then the area of the resulting N Jg
surface is given by 7

The general symbolic formulas S = [ 22y ds and
S = 27x ds are still valid, but for parametric curves we use

dx \* dy \?
Is = —] +|—=]) 4
o \/(d!) (dr) .
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EXample 6

LT g ="
2 2
- =X
Show that the surface area of a sphere of radius ris 42 J T
=\
: Hop 2
Solution: / £
The sphere is obtained by rotating the semicircle O r.0)= ~ /o
(¢ t0S (0) vs= D)
x=rcost y=rsint O<t=<nm L

\
(e L PGS
~ L2
about the x-axis. %{Qf )

(= ds
Therefore, from Formula 6, we get - v__,/?
NS ~

. ) — , - e
S = | 2arsint/(—rsin?)? + (rcost)’dt = L41-rr'L/ oLv"ov\% / O{S
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1-2 Find dy/dx.

1. x=rtsint, v=1t"+1

dy

d\j N _&’I; 2+

dy dx cod 4 Lot
ol

% |
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3—-6 Find an equation of the tangent to the curve at the point
corresponding to the given value of the parameter.
3. x=1+4r— 1%,

2 =1
) 2 Point-Slepe
T o
a = ﬂ-’ - Ny 7:‘/\’1 X=X \j/
at \ :_?(x—v)i—i
X(\)T Wy -1 =Y (X'/(j’\: (q' I) ‘?
G = '\.—\’)’fl
7T
dy -3 2
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6. x =sin'f, y=cos'0; O=m/6

d . . |
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x (L \13»»\3(’) - °) & ( :_5—5“—5 “
0 —m (x=x) +9, _ '—"\?”’;_
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November 11, 2015

7-8 Find an equation of the tangent to the curve at the given

point by two methods: (a) without eliminating the parameter and
(b) by first eliminating the parameter.
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y=e (2
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[x 3 d
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= S9)- 4 &-n @ \
dx
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11-16 Find dy/dx and d*y/dx*. For which values of ¢ is the

curve concave upward? 3 _cﬁ} e—May './»el
Mx=r+1, y=r+1 LK LapppTC J
- 3 +L\y QW
d ‘iﬁ) B Lo
EJ_J Q—k + { \ 2 d"; X S M/\X‘f’J
dy_ 6 . —— = 14 dy = Saw
d T dr 2t o IEc d: el P«AJ"JZ’
dt I 4 T
] g T L CI L
] — )
c(y,,, - o | 3 s = <0

]
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P
\
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16. x = cos2)), yv=cod) O<ti<m

~
¢ osﬁ"’k / 24

’L)\i\?
&
\
o]

N

[
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I'm including this bad attempt as the sort of thing a student ought to keep, with
a few comments on how it was messed up.

16. x=cos2t, yv=cost, 0<r<
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17-20 Find the points on the curve where the tangent is horizonz

November 11, 2015

1

tal or vertical, If you have a graphing device, graph the curve to *

check your work.

17. x=1" — 31,

y=1-3

—1p -
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é—l -
dx 343
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|_)(
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Hor
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25. Show that the curve x = cos ¢, y = sin ¢ cos ¢ has two
tangents at (0, 0) and find their equations. Sketch the curve.
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31. Use the parametric equations of an ellipse, x = a cos 6,

November 11, 2015

gmc{ O‘C ,SJ/O/Q i

y=hsin 6,0 = 6= 2, to find the area that it encloses.
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——
Commence v

"34. Find the area of the region enclosed by the astroid

x = acos’f, y = asin’f. (Astroids are explored in the Labo-
ratory Project on page 668.)
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37-40 Set up an integral that represents the length of the curve.
Then use your calculator to find the length correct to four
decimal places.

b g"
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8. x=1"—1 v=t1 |l =r=4
Dt = (B e
ot = Lk- at) = H=- Y& +
dy* G
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41-44 Find the exact length of the curve.

43. x =1rsint, y=tcost, 0=r=1]
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51-52 Find the distance traveled by a particle with position (x, ¥)
as 7 varies in the given time interval. Compare with the length of
the curve.
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57-60 Set up an integral that represents the area of the surface
obtained by rotating the given curve about the I'hen use
your calculator to find the surface area correct to four decimal

places. Forg ot 1w 21 |
/ 0.7542998137 = #5413

57. x =tsint, y=1cost, O0=r=7/2

b g i \
2T & g ds = qvftc“% \(/c“«l Jt = 4739405508 < [ 4.F39Y
Q (9]

_E’L(Qo_{’\'é"" S':\z'%>
~ ‘L -
C%: st L oogd »-s><§—5g—)— o2 b+ atccdeoct + {Lrea € N
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Jdt
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v
l ¥ +
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8. x =sins, y=sin2r, 0=it<=7/2

A% v
j;(;)—(: (‘.og’k — (c%) = st

dy > o (ak)
Ell =0 w;(a*xakij) .

olk
ds = W oL
— =
o
’ * \ A
- 2 () +Ycos
=7 ‘S" A &j(k = ’L‘Wgo o L)\ o

17 — 31 31 — _— = 15
2::[64 J5 - Tooa n(31) + o5 In(17J31 +8J31 J5 )+ 32]

%t02851 3782 = /SJ DW
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