10.2 Solutions

1. (a) (b) It appears that the constant functions y = 0, y = —2, and y = 2 are
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(iii)
2. (a) oo (b) From the figure, 1t appears that y = 7 15 an equilibrium solution.

From the equation ' = = siny, we see that y = n7 (n an integer)
describes all the equilibrium solutions.
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3. ¥’ = 2 — y. The slopes at each point are independent of x, so the slopes are the same along each line parallel to the »-axis.
Thus, IIT is the direction field for this equation. Note that fory =2,y = 0.

4. ' = z(2 — y) = 0 on the lines = = 0 and y = 2. Direction field I satisfies these conditions.

5.y =x+y—1=0onthe line y = —z + 1. Direction field I'V satisfies this condition. Notice also that on the line y = —z we
have i/ = —1, which 1s true in IV,

6. ' =sinxsiny =0onthelines x =0andy =0,and ' > 0for 0 < = < =, 0 < y < . Direction field II satisfies these

conditions.

7. (@) y(0) =1 " 0 =2
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10.2 Solutions

Note that ' = 0 for y = = If || < |y|, theny” < 0; that is, the

slopes are negative for all points in quadrants I and IT above both of
the lines y = x and y = —=, and all points in quadrants ITT and IV

below both of the lines y = —x and y = x. A similar statement

holds for positive slopes.
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10.

Note that 4" = 0 for any point on the line y = 2. The slopes are

positive to the left of the line and negative to the right of the line. The

solution curve in the graph passes through (1, 0).

¥y =y—2z

1.
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16. See Exercise 15 for specific CAS directions. The exact solution is

2(3 - 82“’2)

e2=® 4 3
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10.2 Solutions

19. @)y =F(z,y)=yandy(0) =1 = z4=0,yw=1
Mh=04andy; = yo +hF(zo,0) = i =14+04-1=14 21 =29 +h=0+04=04,
soyy =y(04)=14
()h =02 = zx1 =02andz2: =04, soweneed to find y=_
yi =yo+hF(zo.y0) =1+02y=1+02-1=12
y2=11+hF(z1,1n)=124+02p3n =12+02-12=144
(u) h=01 = =z;=04soweneedtofindys y1 =yo+hF(zo,5)=1+01ye=1+01-1=11,
y2 =1 +hF(z1,11) =11401y; =1.1+01-1.1 =121,
ys = y2 + hF(z2.y2) = 1.21 + 0.1y, = 1.21 +0.1-1.21 = 1.331,

ya = ya + hF(z3.y3) = 1.331 +0.1y; = 1.331 + 0.1 - 1.331 = 1.4641.

(b) ¥ We see that the estimates are underestimates since

154 they are all below the graph of y = &
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(¢) (1) Forh =0.4: (exactvalue) — (approximate value) = "* — 1.4 = 0.0918
(1) For h = 0.2: (exact value) — (approximate value) = ¢%* — 1.44 =2 0.0518
(iii) For h = 0.1: (exact value) — (approximate value) = e"* — 1.4641 == 0.0277

Each tume the step size 1s halved, the error estimate also appears to be halved (approximately).
20. ¥ As r increases, the slopes decrease and all of the

estimates are above the true values. Thus, all of
the estimates are overestumates.
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10.2 Solutions

25. (a) dy/dx + 32"y =6z = 3y’ = 6z" — 3z”y. Store this expression in Y; and use the following simple program to
evaluate y(1) for each part, using H=h = 1 and N = 1 for part (1), H = 0.1 and N = 10 for part (it), and so forth.
h—H0—-X3—Y:
For(L1, N) ) Y+HxY1 = YX+H-X
End(loop):
Display Y. [To see all iterations, include this statement in the loop.]

OH=1LN=1 = y(1)=3
@H=01N=10 = y(1)= 23928
(i) H=001,N=100 = y(1)= 23701
(i(VyH=0001,N=1000 = y(1)= 23681

(b) y= 2+ E_w:1 = y' = —3.3‘26_23

LHS = ¢ + 322y = —32%e~ + 32 (2 + e-=3) — — 322" + 627 432%™ =622 = RAS
y(0)=2+e"=2+1=3

(c) The exact value of (1) is2 + e~ =2+
(1) For h = 1: (exact value) — (approximate value) = 2 + e~ — 3 = —0.6321
(i) For h = 0.1: (exact value) — (approximate value) = 2 + e~' — 23928 ~ —0.0249
(iii) For h = 0.01: (exact value) — (approximate value) = 2 + ¢~ — 2.3701 ~ —0.0022
(iv) For h = 0.001: (exact value) — (approximate value) = 2 + e~' — 2 3681 ~ —0.0002

In (11)—(1v), 1t seems that when the step size 1s divided by 10, the error estimate 1s also divided by 10 (approximately).
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