10.1 Solutions

4 (@) y =coskt = y = —ksinkt = y" = —k” coskt Substituting these expressions into the differential equation
1y" = —25y, we get 4(—k® coskt) = —25(coskt) = (25 —4k¥)coskt =0 [forallt] = 25—4k"=0 =

R=2 o p=zf

(b) y = Asinkt+ Beoskt = y' = Akcoskt — Bksinkt = 3" = —Ak*sinkt — BEk® cos kt.
The given differential equation 43" = —25y 1s equivalent to 4y” + 25y = 0. Thus,

LHS = 43" + 25y = 4(—Ak® sin kt — Bk” cos kt) + 25( A sin kt + B cos kt)

= —4Ak? sin kt — 4Bk* cos kt + 254 sin kt + 258 cos kt

= (25 — 4k*) A sin kt + (25 — 4k%) B cos kt

=0 sincek® =2

5. (@ y=sine = 3y =cosx = "' =—sinzx
LHS =y’ +y = —sinx + sinz = 0 £ sin x, 50 y = sin « is not a solution of the differential equation.
b)y=cosz = ' =—sinz = 3"’ =—cosz.

LHS = 3" +y = —cosx + cosx = 0 & sin x, 50 y = cos x is not a solution of the differential equation.

— 1 - r__ 1 - Mo 1f :
(©y=3zzsinz = y =s(zrcosz+sinz) = y" = j(—zsinztecosz+ cosx)

LHS =y " +y = %(—xsinx + 2coszx) + %:r:sin:r: =cosx #Esinz, 50y = %.rsin.r is not a solution of the

differential equation.

(d)yy = —%xcnsx = 3 = —%(—xsinx +eosz) = y'= —%(—xcos:r: —sinx — sinz).
LHS =¢"+y = —%[—xcos:r:— 2sinz) + (—%.ICDSI) =sinz = RHS,soy = —%xcos:ris a solution of the
differential equation.
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10.1 Solutions

_ Inz+C S = z-(1/z) —(lnz+C) _ 1—11'1.7:—(?_

6. (a) vy = =
LHS:x:y:+xy=l_z_I—ID:—C_I_x_ln:r:—I-C
H i x
=1—Inz—C+lnx+ C =1=RHS, s0y is a solution of the differential equation.
®» 3 A few notes about the graph of y = (Inx + C')/x:
1,2 - . .
& 2.1 g;%_mz (1) There is a vertical asymptote of z = 0.
EZEU 5 (2) There 1s a horizontal asymptote of y = 0.
0 z—C=-1 (3) y=0 = Ihnz+0=0 = z=e°,
///’— J so there is an x-intercept at e =<
-1
@y =0 = hha=1-C = z=¢£7°,
so there is a local maximum at z = ' ~€.
Inl14C L 1 2 )
@DQul)=2 = 2= nlt = 2=, sothe solutionis y = ne Tt [shown 1n part (b)].
@y2)=1 = 1=l“22+c — 24In24+C = C=2—In2, sothe solutionisy = et =102
xr

[shown in part (b)].

8. (a) If = is close to 0, then xy” is close to 0, and hence, ' is close to 0. Thus, the graph of y must have a tangent line that is
nearly horizontal If z is large, then =y is large, and the graph of y must have a tangent line that is nearly vertical_
(In both cases, we assume reasonable values for 1)

b)y=(c— .:e:z)_l’)2 = y =z(c— xz:}—:ijz_ RHS = zy° = x[(c — xzj—lﬂ]a =xz(c— 3:'2]_3’{2 =y = LHS

() c=12 j:=]f=3 When z 1s close to 0, y' 1s also close to 0.
o 4 _/

As o gets larger, so does |y'|.

2 — —:

@y(0)=(c—0)"2=1/Veandy(0) =2 = Ve=1 = c=1s0y=(1-27)7""

11. (a) This function is increasing and also decreasing. But dy/dt = e*(y — 1)® > 0 for all ¢, implying that the graph of the
solution of the differential equation cannot be decreasing on any interval.

(b) When y = 1, dy/dt = 0, but the graph does not have a horizontal tangent line.
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10.1 Solutions

12. The graph for this exercise 1s shown in the figure at the night. ¥
Ay =1+ zy > 1 for points in the first quadrant, but we can
see that ¢ < 0 for some points in the first quadrant.
B. ' = —2zxy = 0 when = = 0, but we can see that ' = 0 forz = 0.

Thus, equations A and B are incorrect, so the correct equation is C. 0 x

C. y' =1 — 2y seems reasonable since:
(1) Whenzx =0, ' could be 1.
(2) When 2 < 0,y could be greater than 1.

(3) Solvingy' =1 — 2y fory givesus y =

1;_7,- .Lfy’takesonsmallnegativevalues,ﬂlenasr—:—oo,y—>0+,
H

as shown mn the figure.

14. (a) The coffee cools most quickly as soon as it is removed from the heat source. The rate of cooling decreases toward 0 since
the coffee approaches room temperature.

(b) % = k(y — R), where k is a proportionality constant, y 1s the (c) ¥
temperature of the coffee, and R is the room temperature. The initial
condition is y(0) = 95°C. The answer and the model support each
other because as y approaches R, dy/dt approaches 0, so the model 20
seems appropriate. 0 t
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