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4. Since ™ (4) =
£ 3"(n+1)

Equation 6 gives the Taylor series
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nZ=:U ~ (x—4)" = “Z=:0 T ) (x—4)" = “Z=:n Tt )(I 4)™ which is the Taylor series for f centered
at 4. Apply the Ratio Test to find the radius of convergence R.

(_1)n+1 (:E‘ _4)n+1 3“(?1 1 ]-j

. lant1 . (—1)(xz—4)(n+1)
1 — =1 . =
noo | Tam | neee | 3nFl(n+2) D)z —4)7| noo 3(n +2)
1
|x—4| lim “12 LT
For convergence, 2 [z —4| <1 <« |z —4| <3,s0R=3
" i 0 (4} 0
5 (1—2)2 = 50+ 7 O+ Lo? + L gs  L_Qe
n £ (=) ™ (0) ‘ '
0 (1—=)2 1 =142z +3a” + 27+ Fa* + -
_ -3
! Al —=) =1+2r+32" +42¥ + 52+ = Z(n+1)3:
2| 6(1—z)"* 6 n=0
3| 24(1—=)" 24 . |ant1 . (n+2)z"*! .oon + 2 .
s lim |[——| = lim |————| =|2| lm —— = |z|(1) =|z| <
4 | 120(1—=x) 120 n—co | an | n—oe| (n+ 1)z" noe
for convergence, so R = 1.
10 re® = f £2(0) " = - f Ly - i 2"
' n f(n}(x) f{n)m} i nl —4 n' = nl (-1
0 xe” 0 1
n " —1)!
1| (4 1) 1 lim “a“ = lim PE‘“LT : (nlxl“} = lim % =0 < 1forall z,
2 2)e” 2
(r+2)e w0 R — oo
3 | (z+3)e 3
0 ifniseven oo pPntl
1. ) (0) = o 0 sinhz = Y — .
n | f™(z) | 7(0) 1 ifnisodd n=o (2n +1)!
0 | sinhax 0 . p2ntl
Use the Ratio Test to find R If a,, = ——— then
1 | coshx 1 (2 + 1)
2 | sinhax 0 P pnt3 (2n + 1)! . 1
lim = lim - =z - lim
3 cosh x 1 n—oo | Qg n—oo [2?1 + 3:}1 xin+l n—oo (271 + 3}[2?1 + 2:}
4 | sinhz 0 —0<1 forallz, soR = oo.
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13. F™)(z) =0 forn > 5, so f has a finite series expansion about a = 1.

n F™(=z) ™)
4 2 4 2 f("')(]_:}
0|z —3z"+1 -1 flzg)=2"—3z"+1= Z (x—1)"
n=>0
L) 46 2 1 2 6 24 24
2| 1222-6 6 =@+ - +56E-)+ 5 -1+
3 e 2 =—1-2z—-1)4+3x—12+4(z—1P° +(z—1)*
4 24 24
5 A finite series converges for all x, so R = oo.
7]
oo U‘) /

18. sinx = E (:— 2) ( 2)
n | f™() | F™(=/2) k=0
0 sin x 1 _1 (x—7n/2)? (z—n/2)* (z—=/2)°
1 cosx 0 - 2! T 4l B 6!
2| —sinx -1 oy 21

oo nlz—m/2)
_ = S AL i
3 COoOs T D nz=:u( ;} (2?’1)T
4 sin o mia
} Gntl . |z — = /2*" (2n)!
1 =1 . .
neco | an | meoo [ 2n+2)!  Jz—a/2
N C k. AP forall =, 50 R = oc.

n—oo (2n +2)(2n +1)
22, If f(x) = sinz, then f("*V(z) = +sinz or & cos = In each case, |f{“+”(x}‘ < 1, so by Fornmla 9 with o« = 0 and

| m+l .
M =1,|Rn(z)| < —| . Thus, | Rn(x)| — 0 as n — oo by Equation 10. So lim Rn(z) = 0 and, by

;| _
m+1) 177 2

Theorem 8, the series in Exercise 18 represents sin x for all .

6. ﬁ (1+z)*= .Eu( ) ™. The binomial coefficient 1s
(—4) _(CAEE)E) (At ) (A)(5)(E) -+ [+ )]
n nl n!
_(-1)"-2-3-4-5-6----- n+D)n+2)(n+3) ()" (r+1)(n+2)(n+3)
- 2-3-nl - 6
1 D"+ DR +2)(n+3) .
m “z_:u 5 for|z| <1, soR=1
) . . 221 ] . (LI}2n+1 a2l N
29. smx:éﬂ(—lj @yl = f(x) =sin(mx) = nz_:l](_ ) @n “Z( mx , =00
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2n+1

1, 3 ( 3}2n+1 oo Gn43
Mt = —1)" = tan_ = n — _
an”z = Zu( Vo an”(=7) = Z( Rl e mlD DA G e &

n 1 -
xtan (I}_E(—}rﬂﬁ_‘_ﬁ

& |z|<lsoR=1

3

35. We must write the binomial m the form (1+ expression), so we’ll factor out a 4.

2y —1/2 o f_1 2y m
= x x _ E(] + I_) _r ¥ 7 (3:_)
V4 + z? x/il(l-!—:r:z “4) 24/14+22/4 2 - 220\ 1 4

21y (4 D 2”—51(4) L (DS (—%)(x;):...]

3!
x = = 1-3- 5 o (2n—1) ,
242 1" n
=3tz 20 noan ol
T, nl-3-5----- (2n—1) LAn+1 z? =] _ —
_§+Z(_1) ﬂlgsnﬂ aﬂd4 <1 = ?a,l = |z <2, soR=2

Page 3




