12.9 Solutions

3 ]_ oo o0
4. f(z) = — =3( 4) =31+2*+2°+2%+...)=3 Z_:U(x4)" = Y 3z*"

l—= n=>0

with |z*| <1 & |z|<l,soR=1land] = (—1,1).

[Note that 3 Z (z*)" converges < Z (z*)™ converges, so the appropriate condition [from equation (1)] is |=*| < 1.

n=l

In 2n+1

@)= =%[1+(1c;3)2] ZE{TM] %i[ (3 )z]ﬂzgﬂi(_ljnz = S0

n=0

2
X
<1 &= %{.‘;1 s |zf<9 & |z|<3s0

The geomefric series f [— (%) 2] ) converges when ‘— (%) ’

n=>0

R=3and I = (—3,3).

22 22 1 ER s An+2 _ .
0. f(2)=5——= == m:— Z ( ) Eﬂm.mesenescomageswhenﬁ /el <1 &
[z*| < |e®| & |z| <|a|,s0 R =|a|and I = (—|al, |a]).
3 3 A B
= + = 3=A(e+1)+B(z—2). Letz—2toget A — 1 and

M) = 2~ s -2 =11
x=—1toget B = —1. Thus

- S(es) S G - S

x2—z—2 zxz—2 =z+1 1 —(=/2) 1—(—x) =0 n=t

- (1)“ - 1(—1)“]:5“ S [(_I)nﬂ _ inH]I“

n=>0 n=>0

We represented f as the sum of two geometric series; the first converges for = € (—2, 2) and the second converges for (—1,1).

Thus, the sum converges for x € (—1,1) = I.
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12.9 Solutions

13. (@) f(z) = m - d—i(lrx) - —dii [i:ju(—uﬂ 3:"] [from Exercise 3]

= fj (=1)"*'nz™"! [from Theorem 2(1)] = fj (—1)*(n+1)z" with R = 1.
= n=>0
In the last step, note that we decreased the initial value of the summation variable » by 1, and then increased each

occurrence of n in the term by 1 [also note that (—1)""* = (—1)"].

1 1 d =
- %i’;( 1)*(n+ na™t =1 i(—uﬂ(nﬂ)(nﬂyx"withR:1.
Iz 2 1 1 = n i
(f)f(ﬂf)=m=$ xap = ° Eg( 1)*(n+2)(n+1)z" [from part (b)]

1 oo
=3 L (=) (n+2)(n+1)2""
n=0
To write the power series with =™ rather than =™ > we will decrease each occurrence of » in the term by 2 and increase

the initial value of the summation variable by 2. This gives us % i (—1)"(n)(n —1)z" with R = 1.
n=2

14. (a) lj—x = 1_; D nz_:l']( 1)"z™ [geometric series with B = 1], so
ﬂ.+1 oo (_l)n—'lxn
f(z) =In(1 +2) = —f[z:( )"z “]dr—c+z( )i = 5
[C =0since f(0) =In1=0], withR =1
n—1_n _ n—'.l_rn+1 oo (1)
(b)f(r}=r1n{1+r]=x[E_ZIL] pypart @) = 52 S = 5 E wimr -

]n—l 2n

oo (] n—1 IZn 1 .
© f@) =tz +1) = 5 LD pypany = 5 5 winr =1
1 1 12 ey 2= 1 )
7 s = —3.5(3) =X mme |3 <1 e el <2 Now
1 d[ 1 dfe 1 .\ & n ., =ntl,
(=—2)° ‘5(2—:':) - E(Eﬂwr )‘El e = LS
3 = n+1 = n+1 X n—2
0= i = 5 ke = 5 bt £ 22t <2 T R 2001 - (2

x2n+1

18. From Example 7, g(x) = arctanz = Z_:u(—l]" 1 Thus,

] n( 3)2 ! n 1 2nt1 xZ .
= ! — — e —— —| < - = 3.
f(x) = arctan(z/3) = E ( 1) 2+ 1 =3 ﬂ{: 1) 1 (2n ]];r for‘ | 1 & |z|<3s0R=3

Page 2




12.9 Solutions

2n+1
25. By Example 7, tan™ .r—E( +]w1t]1R—150
n=>0
I‘3 I‘5 I‘T xﬁ’ 1‘5 .’L‘T iy n+1
—ta — — — — — e — .. = e—— — — = n
* ““’x(‘r T 7" ) T 57 DI A ey
o —tan 'z = g2
— -1 n+1
= ;( e T
z—tan z oo 1 pin—l co ozt
———dx=C —1)" =C —1)" By Theorem 2, B = 1.
f =3 z=C+ 2 (-1) (2n+1)(2n—1) + X )T e BY >
29. We substitute 3z for = in Example 7, and find that
" (33}2n+1 o n32n+1 I2n+2 oo n 32n+1 I2n+3
tan(3z) dxr = 1 dxr = 1y '——dr=0C -1
f”“ an(3z) dz Z( e A D AGE e e e I DAl ey sy
0.1 3 3_5 5 7T 7.9 0.1
3x 3 3 3'x
So tan(3z) dx = — —
./u‘ x arctan(3x) dx |:1‘3 3'54—5'? 7'g+ ,
1 9 " 243 2187
108 5x10°  35x 107 63 x 10°
. . . : 2187 s
Thesenesmalternatmgpmﬂwememmeterms,themorlsatmstm ~35x 107" So

9 243

1 . .
17 ~ EX 108 + T 107 7= 0.000 983 to six decimal places.

0.1
f x arctan(3z) dx ==
0

ey = & EUEREn = 1a™? & (et

=)= 3, (2n)! =5 2n—1)]' = (2n)!

= e
= (2n)!

[the first term disappears], so

( ])n+'l 2n
[substituting 2 4 1 for n]

M

= —f(x) = f'(2)+ f(z)=0.

(b) By Theorem 9.4.2, the only solution to the differential equation d f () /dx = f(x) 15 f(z) = Ke®, but f(0) = 1,
so K =1and f(zx) = €.

Or: We could solve the equation ¢ f () /dx = f(x) as a separable differential equation.
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