12.8 Solutiions

1. A power series is a series of the form 5727 | ¢n,2™ = cg + c12 + c22” + c32° + - - -, where z 1s a variable and the c,,’s are
constants called the coefficients of the series.
More generally, a series of the form 27 cn(x —a)” = eo + c1(x — a) + c2(x — a)® + - - - 15 called a power series in
(2 — a) or a power series centered at a or a power series about o, where « 1s a constant.

2. (a) Given the power series " °- | cn(z — a)", the radius of convergence 1s:
(1) 0 if the series converges only when = = a
(i1) oo if the series converges for all =, or
(ii1) a positive number & such that the series converges if | — | < R and diverges if | — a| > R.
In most cases, B can be found by using the Ratio Test.

(b) The interval of convergence of a power series 1s the interval that consists of all values of » for which the series converges.
Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all real numbers; that is,
the real number line (—oo, oo}, or (111) an mterval with endpomts « — R and « + R which can contain neither, either, or
both of the endpoints. In this case, we must test the series for convergence at each endpoint to determine the mterval of

COHVETEEDCE_
-1 n_n " n+1 1
4 Tan = T then fim |22t | = fim |2 -i=].iml.x—|=|x|.
n+1 n—oo | ap n—oo |+ 2 ™ n—oo ].—l—];"(?‘.'.—F])

By the Ratio Test, the series f: ( -~ comverges when |z| < 1,50 R = 1. When = = —1, the series diverges because it
n=>0 n
15 the harmonic series; when = = 1, it is the alternating harmonic series, which converges by the Alternating Series Test.

Thus, 7 = (—1,1].

n n+1 1
7. Ifan = —, then lim |—1| = lim |—— - —| = = | = |z| lim = |z|-0=0 < 1 for all real z.
nl n—oo Oy n—oo (TI + ].}‘ x™ n—oo |11+ 1 n—oon+ 1
So, by the Ratio Test, R = oo and [ = (—oo0, oo).
lﬂ'n i
10. fan = ——, then
n
. lany 1" +lgntt n? 10z n® 10 || 10 ||
lim = . = — | = . = = 10|z|
n—oo [L2%Y — 0o (n + 1}3 107 ™ n—oo (?1 + ]]3 n—oo l:]_ + ]I,-"ﬂ}a 13
" 2™

By the Ratio Test, the series comverges when 10 |z| <1 < |x| < 55, so the radius of convergence is R = 55.

n=1

n3

When = = — %, the series converges by the Alternating Series Test, when = = 55, the series converges because it is a p-series

with p = 3 > 1. Thus, the interval of convergence is I = [—15. 15]-
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13. f an, =l:—1)“.:l i ,then lim
"inn

n—oo

n—oo

[by I'Hospital’s Rule] = m By the Ratio Test, the series converges when % <1 & |z|<4,s0R=4 When

z" = EDE & L1

_ S U S S >2 — -l
4 nz_:g( 4“ Inn a=h 4"Inn -t Inn -Smcelnn <nforn =2, ]nn n dnz_:g is the
divergent harmonic series (without the n = 1 term), Z — 15dme-lgentbythe Comparison Test. When = = 4,
n_'z

ﬂ

S (1) = i(—1]“%,whichc0ﬂvergesbyiheA1terﬂatingSeriesTest. Thus, T = (—4,4].
" inn 2 ni

n=2
nl(z—3)" - Nanaa| o |E@=3)" 241 | 2n4l
B e e e T R CED i I ek A
RatmTestthesenesZ( 1]“%cowergeswhen|:r:—3l<l [E=1] & —1<z—-3<1 & 2<z<4
n=0

When oz = 2 these:nesz 1 diverges by limit comparison with the harmonic series (or by the Intepral Test); when
2n

x =4, the series 3~ (—1)" 1 converges by the Alternating Series Test. Thus, the interval of convergence is I = (2, 4]
n

19. If an —( } Jthen lim %/|ar| = lim —2 = 0, so the series converges for all = (by the Root Test).
n

—+00 n—oo

R=ccand I = (—o0,c0).

n¥+3n2+3In+2

n— 00

n(z —4)"
2 an= o 5
“ n¥4+1 7
_gqm+1 32 3
lim |9ntl| = gy (2D =4 AL (1+l) it |z — 4| = |o —4|.
T

n—oo (n+1:}3-|—1 n|:t‘—4|ﬂ' n—oo

Gn

By the Ratio Test, the series converges when |[x —4| <1 [soR=1] & —-1<z—4<1 < 3<z <5 When

e —4| =1, E lan| = E , which converges by comparison with the convergent p-series Z — [p=2>1]
=1

n? +
Thus, I = [3, 5] .
n 4z + 1™ 2 dr+1 _ ]
2. lim |2t | = g [142F |2 —2 | = lim |x——|_,|2=|4-r+1|,sobytheRatmTest,tbesmes
n—oo | fn n—oo (11 + ]) I-d—:t‘ + ].l n—oo (] -+ lf-’ﬂ}

comverges when [dx + 1| <1 & —1<de+1<1 & —2<40<0 & —

El

<x<0,s0R=2% Whenz=—3

=1

1)“

the series becomes E

a convergent p-series [p=2>1]. I= [—%,0]-
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28. If a,, = then
@ 1-3-5-----(2n—1)°
. |ant . (n+ 1)1z 1-3-5-----(2n—1) . n+1) |z
l =].l - =l _ = = _
L nf;c‘l.a.s,.....(2n_1)(2n+1} e o e

By the Ratio Test, the series 3 a,, converges when 1 [z| <1 = |z| <2, s0 R =2 Whenz = +32,

n=1

n!2" ~[1-2-3-....nJ2"  2-4-6-----2n
1-3-5---..(2n—1)  [1:3-5.-----(2n—1)]  1-3-5.---- -(2n—1)

diverge by the Test for Divergence. Thus, the inferval of convergence 1s I = (—2, 2).

lan| =

> 1, so both endpoint series

32. (a) Note that the four intervals n parts (a)(d) have midpoint m = %(p+ g) and radius of convergence r = %{q—p}. We also

know that the power series > =™ has interval of convergence (—1, 1). To change the radius of convergence to r, we can

n=0
change =™ to (%)n To shift the midpoint of the interval of convergence, we can replace x with = — m_ Thus, a power

m

series whose interval of convergence is (p, g) is i (x_—)n, where m = 1(p+¢q) andr = (g —p).
r

=

(b) Simular to Example 2, we know that i ~ has mterval of convergence [—1, 1). By mtroducing the factor (—1)"

n=1
i o, the mterval of convergence changes to (—1, 1]. Now change the midpoint and radius as in part (a) to get

€T —m

3 (—1}"‘l ( ) as a power series whose interval of convergence is (p, g
n=1 n

r

(c) As in part (b), f: l (I:m)n is a power series whose interval of convergence is [p, g)-

n=1 1

(d) If we mcrease the exponent on n (fo say, n = 2), m the power series m part (c), then when » = ¢, the power series

2

. (.’L‘—m) will converge by comparison to the p-series with p = 2 > 1, and the interval of convergence will

n—1 1 r

be [p, q].

33. No. If a power series is centered at a, ifs interval of convergence is symmetric about a. If a power series has an infinite radius

of convergence, then its interval of convergence must be (—oo, oo}, not [0, oo).
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