12.1 Solutions

1. (a) A sequence 1s an ordered list of numbers. It can also be defined as a function whose domam 1s the set of positive integers.

(b) The terms a,, approach 8 as n becomes large. In fact, we can make a,, as close to 8 as we like by taking n sufficiently
large.
(c) The terms a,, become large as n becomes large. In fact, we can make a,, as large as we like by taking n sufficiently large.

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a,, exists. Examples: {1/n}, {1/2"}

—00

(b) A divergent sequence is a sequence for which lim «, does not exist. Examples: {n}, {sinn}

T—O0

3. an = 1 — (0.2)", so the sequence is {0.8, 0.96, 0.992, 0.9984, 0.99968. .. .}.

5. anzﬂpgothegequenceig __3 E __3 i —3 L= —S:E,_l__l:_i:_” i
n! 2’ 2°8 40
7. a1 = 3, an+1 = 2a, — 1. Each term 1s defined in terms of the preceding term.
ar =201 —1=2(3)—1=5. a3 =2a—1=2(5)—1=9. as=2a; —1=2(9) -1 =1T.
as = 2a4 — 1 = 2(17) — 1 = 33. The sequence is {3.5,9,17,33,.. .}.

1

1
S {]:3 2n—1"

111 '} The denominator of the nth term is the nth positive odd integer, 50 a, =

]

1. {2,7,12,17,...}. Each term 1s larger than the preceding one by 5, s0 ¢, = a1 +d(n — 1) =2+ 5(n — 1) = 5n — 3.

13. {1,—3.5.—==....}. Eachtermis —2 times the preceding one, s0 a, = (—%}“_1_

n 12345 6 . 1

ae— = 3222 6 4 that the sequenc ching

TS B AR AR A R TR T B L Sequence 15 approaciig 5
. n . 1 1
n.ll-ngc2n+l _n—-c-cs2—|—1jn_§

15. The first six terms of a,, =

7. an =1—(02)",50 lim a, =1—0=1by(9). Converges

_ 3+57°  (3+5n7)/m®  5+3/n°

540
n+n? (n+n?)/m?  1+1/n’

19. an 70

Oy —

=5asn — oco. Converges

21. Because the natural exponential function 1s continuous at 0, Theorem 7 enables us to write

lim a, = lim e!/" = "™n—=(1/m) — 0 — 1 Converges

2nw . . (2nw)/n . 27 27w . . . -
23. If b = 1_|_8ﬂ,1]1e:|1 nan;Dbn = Jin;am = lim Unts 3 -1 Since tan 1s continuous at 5, by

2nm 2nw T
The 7. Iim ta =t Ii =tan—=1. Com
orem ,n_’ngo n(1+8n) an (nLn;c 1+8n) :am:_1 verges
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-1 n—1 -1 n—1 1
=( ) jHI=( }.,5005|an|=—.
n?+1 n+1/n n+1/n

Theorem 6. Converges

25. a,

1
< — — 0asn — oo, 50 a, — 0 by the Squeeze Theorem and
T

27. an = cos(n/2). This sequence diverges since the terms don’t approach any particular real number as n — oco.
The terms take on values between —1 and 1.

(2rn —1)! (2r — 1) 1

29. a, = = = 0 . Comw

Tt ) et DE)Er -1 @t D@En) ST eTEes

n —n —"1 —In

31.c:rﬂ,=ﬂ2+—ﬁl-lg =1+—8—»05.5n—»oobecause]+e_2“—rlande“—e_“—roo_ Converges
2 —n nz - . :r’.! H 2x H . 2 . .

33. ap =n"e " = —. Smce lim — = —= T:U,ﬂfollowsﬁﬂm'rhemem3that lim a, =0. Converges

= T—0o g T—oo g E—o0 £ FL—s 30

2 2
35_[]5(:025““52% [since 0 < cos®n < 1], sosince lim 2Lﬂ:D,{c{';“ﬁ}oorlve-rg:esh](]IbyiheSqueezeThenrem
. in{1/ . in(1/ in t .
3. an =nsin(l/n) = sml(jifn]_ Since lim :mall%x} = li?ﬁt % [where ¢t = 1/z] = 1, it follows from Theorem 3
AL B— 00 e t—

that {a,, } converges to 1.

21" 2
3‘9.y=(1+—) = lny=:r:ln(]—|——),50
x x

1 2
, . W(1+2/x) m | (1+2;’x)(_x3) . 2 _
Jim oy = Jim T S i S S lm g = 2
. 2\ . 2 . 2\"
lim (1+=| = lim ¢"¥ =¢* sobyTheorem 3, lim |14+ — | =e¢°. Convergent
] €xr T n—0oo ks

2n® +1 24 1/n®
_ 2 _ 2 _ L =rin
4. ap =In(2n” + 1) —In(n" 4+ 1) ln( =T ) 11'1(1_|_U.?12 —In2asn — oco. Convergent

43. {0,1,0,0,1,0,0,0,1, ...} diverges since the sequence takes on only two values, 0 and 1, and never stays arbitrarily close to
either one (or any other value) for n sufficiently large.

% [for n = 1] =%—rooasn—>oo,so{an}diverges.
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3Gn if @, 1s an even number
56. any1 = . .
3an +1 1f a, 1s an odd number

From the graph, it appears that the sequence convergesto 1.
{(—2/e)™} converges to 0 by (9), and hence {1 + (—2/e)"}
convergesto 1 +0 = 1.

From the graph, it appears that the sequence converges to 1

w_\/I_
§4+0 V4

Asn — oo,

.I'3+2n 3fn +2
8112+n S—I—lfn

50 lim an, = 5.
n—oo

n® cosn
1+ n?

=

divergent, since 1t oscillates between 1 and —1 (approximately). To

From the graph, it appears that the sequence {a,} = {

2
prove this, suppose that {an } converges to L. If bn = li_"" then
n

; Ly
T:L.Buta—cusn,so

{on} converges o 1, and lim ?

n—oo Oy

lim i—" does not exist. This contradiction shows that {a,, } diverges.

n—o0 i

From the graph, it appears that the sequence approaches 0.

0 1-3-5----- (2n—1) 1 3 5 2n—1
o= (2n)"  2n 2n 2n 2n
o (1) (1) (1) = 5o — Oas
_— = — —3 —
2 2n el
So by the Squeeze Theorem, { 139 (2 '}'n@n — 1}} converges to 0.
T

When a; = 11, the first 40 terms are 11, 34, 17, 52, 26, 13, 40, 20, 10, 5,

16,8,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4,2,1,4,2, 1,4 When a; = 25, the first 40 terms are 25, 76, 38,

19, 58,29, 88,44 22 11,34, 17,52,26,13,40,20,10,5,16,8,4,2,1,4,2,1,4,2/1,4,2,1,4,2,1,4,2 1,4

2 M TR Sy Ty TR sy B TR Sy Ny TR Sy Sy TR Sy N TR S

The famous Collatz conjecture is that this sequence always reaches 1, regardless of the starting point a; .
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57. If |r| = 1, then {»™} diverges by (9), so {nr™} diverges also, since |nr™| = n |v™| = |r"|. If |r| < 1 then

x

mh_'l,T;G zr® = mllngo ey = mlirn;‘3 T = 0, so n]j;l,T;G nr™ = 0, and hence {nr"} converges
whenever |r| < 1.
1 . ] . 1 1 1 :
61. an = 3 +313de{:reasmgsmcean+1= = an foreach n > 1. The sequence is
T

= <
2n+1)4+3 2n+5 " 2n+3

bounded since 0 < a, < % for all n = 1. Note that a1 =

ol

63. The terms of a,, = n(—1)™ alternate in sign, so the sequence is not monotonic. The first five terms are —1, 2, —3, 4, and —5.

Smmee lim |an| = lim n = oo, the sequence 1s not bounded.
T— 00 T— 00

67. For {v’ﬁ V22, /222, . __},a1 =212 gy =234 43 =273 soan =271/ —o1-(1/27)

lim an = lim 217(1/27) — 21 — 2

n—oC T— O

Alternate solution: Let L = lim a,. (We could show the limit exists by showing that {a,, } is bounded and increasing )

— O

Then L mustsatisfy L = v2-L = L*=2L = L(L—2)=0. L # 0 since the sequence increases, so L = 2.
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