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I7-20 Find the points on the curve where the tangent is horizon-
tal or vertical. If you have a graphing device, graph the curve to

check your work.
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™ 26. Graph the curve x = cos t + 2 cos 2, y = sint + 2 sin 2¢ to
discover where it crosses itself. Then find equations of both
tangents at that point.
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27. (a) Find the slope of the tangent line to the trochoid
x=r@—dsin@,y=r— dcos @in terms of 8. (See
Exercise 40 in Section 11.1.)

(b) Show that if d < r, then the trochoid does not have a
vertical tangent.
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28. (a) Find the slope of the tangent to the astroid x = a cos’8),
y = asin’@ in terms of @. (Astroids are explored in the
Laboratory Project on page 665.)

(b) At what points is the tangent horizontal or vertical?
(c) At what points does the tangent have slope 1 or —1?
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29. At what points on the curve x = 21, y = 1 + 4t — t* does
the tangent line have slope 17



091022-11-2-1l.notebook October 22, 2009

30. Find equations of the tangents to the curve x = 3t* + 1,
y = 21" + 1 that pass through the point (4, 3).
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31.| Use the parametric equations of an ellipse, x = acos 6,
y=>bsin @, 0= @ = 2, to find the area that it encloses.
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AREAS _J__’s A{_— ) f‘(l')dk
dt

A=L”ydx=fg(:)f'(:)dr [or L"g(r)f'(r)d:]

32. Find the area enclosed by the curve x =t — 2t, y = /t and

the y-axis. /\/\/

)
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33. Find the area enclosed by the x-axis and the curve
x=14+e\y=t-1.



091022-11-2-1l.notebook October 22, 2009

ARC LENGTH

Recall, from Section 9.1:

b _|'I {h' 2
— f + | — ]
G L f V! ( = ) dx

Also, recall, that this model for Arc Length assumes that the derivative is
continuous.

We already know how to find the length L of a curve C given in the form y = F(x),
a = x = b. Formula 9.1.3 says that if F' is continuous, then

2] L= .[j \,—'fl + (%)2 dx

Suppose that C can also be described by the parametric equations x = f(t) and ¥ = g(1),
a = t = B, where dx/di = f'(1) > 0. This means that C is traversed once, from left to
right, as 1 increases from a to g and f(a) = a, f(B) = b. Putting Formula 2 into Formula
3 and using the Substitution Rule, we obtain

7 f

L= j: \I,"II + (%:-)2 dx =f \,'% + (%%)J% dt

2
Since dx/dt > 0, we have 1 32)
8 [[dx\® [dy)\?
L= I|—) + | =] adt
= V@) (%)

Even if C can’t be expressed in the form y = F(x), Formula 4 is still valid

Basically, it's valid on any stretch where C looks like a function. _So you.
would do a bunch of smaller integrals over those stretches, (provided C
doesn't go vertical for more than an instant at a time). And you don't
have to assume that dx/dt > 0, you just formulate L slightly differently on
stretches where dx/dt <0...

10
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L= " VIFOF + [y @F d

[6] THEOREM If a curve C is described by the parametric equations x = f(1),
y=g(1), a =t = B, where " and ¢’ are continuous on [a, 8] and C is traversed
exactly once as f increases from a to 8, then the length of C is

=[5+ (5)

WARNING: The arc length of the circle described by the
parametric equations x = cos(2f), y = sin(2¢) traversesthe
circle twice for £ € [0,2], so our formulation for arc
length would give DOUBLE the circumference of the
circle!!! Se-becarefutabontwietherorrotdx/dt="0,11"
. ] - l;
So #wp“" J“;\:é 47 -J ?"‘”J'

ie
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37-40 Set up an integral that represents the length of the curve.
Then use your calculator to find the length correct to four decimal

places.
W x=t—-1, y=3"2 1€¢=x2

October 22, 2009

12
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69. The curvature at a point P of a curve is defined as
(b) By regarding a curve y = f(x) as the parametric curve

d x = x, vy = fix), with parameter x, show that the formula
K= E in part {a) becomes
d?y/dx?

where ¢ is the angle of inclination of the tangent line at P, = [1+ (dy/dx)?]"*
as shown in the figure. Thus the curvature is the absolute
value of the rate of change of ¢ with respect to arc length. It ¥
can be regarded as a measure of the rate of change of direc-
tion of the curve at ' and will be studied in greater detail in
Chapter 14.
{a) For a parametric curve x = x{r), y = ¥(t), derive the \

formula =

&9 — 3y o
K

= i + 32 ]J;z

where the dots indicate derivatives with respect to t, so
i= dx/d:. [Hint: Use ¢ = tan™"(dy/dx) and Formula 2
to find de¢p/dr. Then use the Chain Rule to find ddb/ds.]

13
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