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Midterm Solutions, Fall, 2024

1. Ewvaluate the following limits, if they exist. If one does not exist, explain why.

a. (5pts) lim L _j (vi®)k=d) 12 [ g
T d - “ Ao — =
=4 s
F+4x-32 (x+)) I ‘
b- Gpts) lim === =4 /0""'- x-v

. X +4x-32 . in:_,QL»C
c. (5pts) lim—— A /e _F = -2
x—d |I_4I J 'L c ;Q;:I—— A"-"'f+

x'-5x-14 ifx<3

2. Consider the piecewise-defined function f(x) :{ 320 e’
X — ix=

a. (3 pts) Sketch the graph of f(x). Label the x- and y-intercepts, the suture point(s), and the
vertex of the quadratic piece, 1f it’s in the picture. When I say “Label,” I mean an ordered paur,
like (0, 5). next to the point.

A= (-2,0)
B= [0/—"")
a=(£-9)= (2.5~ 2428
D= (3,-20) SuTuRE
= ('-’-‘3! O)= (9,;,0)

b. (5pts) Onwhat interval(s) is f (J:) continuous? Explain.

‘P'S QA proes ane c.n'l'i Polymom,‘a,@_

/a.“_ )= BESE-4= -5 = —20
»23”

g ,Cm 3()-29= -20

wogs?

ﬁli;s C,Jr—f pra (—-o-o,oou

c. (5pts) On what interval(s) is f(x) differentiable? Explain.

$ oo dftd o Hs 2 preces, cluck o ciha poid
Sum che L8+ g TRy o

W0 h
#MS =2

,0«\2\. N -

=0

2 —= £'0) A
T s &6 o~ (- 'g')u(';p&-\

DO
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3. (5 pts) Simplify the limit of the difference quotient Iimw for f(x)=x"+2x-10
=0 1
LGy - £&) (“""7'-&7.(14-1.\ 10 (N> -10)

-
-

A5 h

04 2l ¥hY +42x t2b =10 — XV - 2xd D

-

h
T8 1 1 S Q y+b42 W29 _
: -/ -—

h I
(L30]
4. The point P(l._ —7) lies on the graph of fx)= ¥ +2x-10.

a. (5 pts) Write the equation of the tangent line L, (x) to flx) atx=1.

£03=-3, 'z ay 0 = £¢y =2 +2 =4 =L7).
L, s £(x-D » £ {

\b ()= 4o\ - sroP .

sQu-y -F = Hv-1l Lor SL«JA—-‘A( 90['0
Ao+ Moshan.

b. (5 pts) Sketcha graphof f {x) and the tangent line to f(x)at the point P.

L)z w107 e ug -0 = DS

/'\\7
Fr A /1“"” A= (- ,0) 2 (-4.31662,0)
€ P4
B c (l,-?-) B= ("“1_”)
D

C = (O,-' IOB

(-1, / AP

g= (19, 0) % (231662, 0)

(x—t\q'—\l = 0o

(x-—ﬁﬂ—_' (
X = (I F;—
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5. (5 pts) Prove that _Iim1|[5.!: +T] =-3, using the &#—J definition of limit.

e \ e
'D:E\W 966:%:-4@\»:1 L=-'. et €°° e 3-“‘"-D-‘£V"¢ g s
Then 02ix-2) £ § == \£w-L] = \$9F-(D]= Isyrio |
~slx+2l<sS= @@

6. (5 pts) Prove that the equation f(x)=x"-4x"+6x’ +28x-91 has a root in the interval (0.5), but do
not solve!

Lo)=-41 Sl ¢ 19 -9 |
T ¢ sy HS

‘FG)':?"D{ 1 t W\ 83 4

[s “P,I7N...;,,0} hewce et Cos)

37 I\/T—/ e {oct Hheat $0)=-9020 g )= 32 >0, ihp'ks,
3 ce(o5) D E(N=0O.
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7. Differentiate the following with respect to the indicated independent variable. Do not simplify!
a. (5 pts) _,i"(.r}:-ij:c_"—ETI] +—I—1; x.
X
3

> 2
L= K, -23 x y - —>
\ £'6)= %‘x}-”_@ x% ylby” )
\_/.ﬁf

b. (5pts) g(x)=cos(5x)sec(3x); x.
\jj(x): —§s7ml'§X).kc(1y) 3 B cas(tx) see () Homn Gx) ?

c. (5pts) Ir(ﬂ}: Iii;ﬂz}ﬂ B. —

Gug +2 ((p)) - (r+28)ec )
LoD

d. (5pts) r(w)=(w' +11w+5) (2w+6)'; w. —=

e —

L vl Y (\J‘-{, W -\-S'f(w(,? + (w’k.pu w +T) ) (Qhﬂ-b\?'éb)
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10. Consider the relation x” _51},_'_4}__3 _cos(y).

a. (5 pts) Use implicit differentiation to find ' = d_‘r
X

1 -?‘j_axbl*_s‘jj' - -;C(\,)j '
(-'hu-sj 4-:,:»(.,&7 /2 ~ax 43y

_2%4+)d
/

b. (5 pts) Find an equation of the tangent line to the curve at the paint (1.0). = (v, y,)
y' R XS WS O) a2 oin

i -—__—3——__7_(0) =

(ts)\zlu,ﬁ A » o0 -gin

-3 = 3
"7]‘:),’3;(&—!\)4—0 )
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9. (10 pts) A water tank has the shape of an inverted circular cone with base

radius 3 m and height 4 m. If water is being pumped out of the tank at a
3

m . . .
rate of 3 —— . find the rate at which the water level 1s dropping when the
min

. : : N
water 15 4 m deep. Hints: The volume of a circular cone 1s V' = E;rr'h .

It 15 possible (and essential) to write }7 as a function of r for this situation.

TN ki sucks

R.cller wesgion - ("Worse" version on the following page)

’

L“_L h:hv“ g“:' -hn:wq'j‘ﬂa “w o
vz r.ok:,_g of -l’lvvwc\'éﬂﬂ Sun Loce ‘n m .

V= v/w oc wq'éer in ‘l’L‘ cone , i m’;

wW.» Wk—"( é’l ﬂug “~e wa.ﬁ"’ J-o Np—@oﬂ r bj QG

J

fony
LY pAISSI O i h >

.32
G

~h

~ -0.238732414638
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Following the terrible hint, we express the problem in terms of the radius », which necessitates
finding dh/dt after finding dr/dt.
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10. (10 pts) If the minute hand of a clock has length r (in centimeters), find the rate at which it sweeps out

L, haone

area as a function of r.

Ld A= anea :MPJ b) +Hvo wmiku
as 9 QM;% af-

p= dime_ in howss .

Lo~
Wer wat g“‘ “ LCL’\

&/ ! ‘-de— = -qu"_J_'_g = lir"'(,_-.'r) A WhWr
db _ o LiT g T T &
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={_x—2][x—:"r] =:c3—?1'+10

11. Let R(x) 9 g
x- x-

a. (5 pts) What is the domain of R ? Give any vertical asymptotes for R.

(B T ) (e wvar |

b. (5 pts) Find the slant asymptote for R.

c. (5pts) Find R'(x). Find its zeros and any points where 1t blows up.

R ()= (26-FVx-8) = (xrzx a0 il ¥ —Fx+TC ¥ +FX-10

(x-8)* - (x-8*
0—’& - _i:ﬂ"’_\“’_ SEV . o Yllx+8ELY+Y = (x) — 16 =0
) (x- )y~ =0
> x=88Ng =93 _,;u“-"l é‘)“'ol
"ot/ 7] R=0 x=2,S
= [R=D() x= ®E3*E 11(1)# A
@’(m@v@ x=8

d. (5 pts) Create a sign pattern for R'(x).
8+3; x n2Y
®-3vi ¥ 33

* - - 3 ’
< 1:9"' :b l?:.'»‘-l SR
=0 <L c0
e. (5pts) Find R"(x). —1bx +db
o " a‘l&)“' {Ltgf;‘f’
Ry (BB — (e sy 6-0) k) (x-8) =2 (Wt x+ YL
G-y’ - (x-8Y

= W=y bt + 2@ — 2 +30¢ —42 36 =R”(X)
(x-&¥ (xY

g. (5pts) Create a sign pattern for R"(x).

— + )
£ N > R
®
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h. (5 pts) Sketch a graph of the Asymptotes of R.

A9

ﬂ:xl( :
xX=9

.. (Bonus 10 pts) Sketch a complete graph of R. If you encounter a max/min or inflection point
where the x-value 1s something like x =7~ 543, it will suffice to write

A= (? —5\-@. R(T - 5-\1@]] in a list of points, 4, B, C, etc., off to the side, with the points on the

graph labeled 4, B, C, etc., as long as the points are generally in the right location. 1 don't want
you to have to evaluate messy functions with messy inputs, here.

N7 A 4
\‘/ A= (o, —'E(" )
P Y

: € 8= (2,0
: C=( &_31;/ R [ ® "3ﬁ\\
> = (5, ©)
ﬁ“& i e :(eﬁgﬁbﬁlpaew:ﬂ

2P X

v=xL(

10
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Bonus
I. (5 pts) Prove that Iin@[‘lr: —-2x- SJ =3, using the £ - ¢ defimtion of limit

S-S =7V
Let £lx)= 3)"—7#—5"# L=5"

‘-..g"' >0 5.' 5:\»‘4-- A"SM gﬁ'—l. 'Tk.l—h_

O/-\%-—‘-l—\‘g — I-C(XB—L\ = |3y~ -3 l 3(®)= 2 20222
= |ayxav -8l {3xlx+dx e =12x(x=2) F YCe-) |
Wyer | < 13eul §

P d e ks in (205,245)

lx_o_l‘ l,;-’

_{  x-2 & —=

Ly 2 x&3 —7

q’L 3?‘?

D4 Y+ <& 13

—

€
\'jy»\-ll 13 D—&Q?nv S';”‘""' f’/.}f
Q"Gop

Lt €20 be 9/\:-0»' B—e-ﬂmp S___ W’hf';%? .7'1\-«- o < f¥_7_| ¢§

saphies | L60- LI = |ayeay -8l ={3x-ax4—tl¥__gl = 12y (x=2) + 4 (o) |
- gl [ € V3wl § < B§ 23 5=

; (G AYIN
GWPL'J‘ B - @u e mned !

Jdzcovar 2
S 7\

11
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4
2. (5 pts) Compute the derivative of f(x)=x" by the limit definition of the derivative. Hint:

M and be mindful of special products.

s | DfLunce oF
= qu_ (& Hwo cubs _ﬂ“.-‘g»m)

del,
<

5 N
(x%- :’Xx -\—(C"? + "-% > *q—“

_ i =
) ﬁ*’ﬁ)(xg{c*)-fe@ Z:Y”’_—

Use this formulation: lim
N

(g8
Cﬂ-’- c"’)[“:l- d‘cs ( X—¢yx+¢\ [v".pg;l) (x-l—tfx (\‘\""4
- — = ” %)?- .’V('s‘Vs_l_cB
(x-—eb(x“-»‘(_cx) +¢ X -:I:“«)
y (x
>
2.8 Ye Ye
¥l -36—(‘/4:/:—”»3—“=/,~"/
2 e’ e ¥ 3
4,37 - %
3\= .
dx{x] 5

12
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3. (5pts) Find the x-intercept of the tangent line Z_(x) to a differentiable function f(x) at x,
s £ Ser
Ly' (X) - ‘F(K,\ (X’xg) +£(x1) = 0 —
P60y x=xD = - F6)

_ $x) =
£'0)
_ T—ZKJ
= %, _-976—9 =Xy

X—)‘, =

. 3; : . .
4. (Spts) If x, =TT and f(x)=2sin(3x)+5sin(2x), what does Newton's Method say x, is?

Wv,\fﬁfgq: 2¢ik (’3(1‘:\".7-)) +5 stu /1- (-%r))

25,\.,.(17\7’—).1'59»\(%—)

Aa(E)as (9 = \m

Pl Gus(axYroesbd —
£'6)= £UX) _Gws (X)) + 10eas ()
- o(Byro =[3G = P

n

]

(€Y
x - ‘C[Vl) _ 3T ’5"140 ‘3?’1/ S—9
K \ =
-F (%) & -~

13
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3. (5pts) Seeif you can squeeze out a convincing argument to support the statement
J:r smt —J ifx#0

1l .1') = \x
0 ifx=20

<,-( ) = co'-posth- ol « -C‘.vc,-"/u—\.\ hobs j,§ 40&7'«/41/\—(

wih 4 fobm haby o 43S -zwvy-dlwv cecept ¥= 0.
goj:[ﬂ? h‘l’irl-. (“N o\\)(a M\

Cotinuity, od =0 TS —l-r-n_k;,ef- e hsS, oW Su

s continuous on (—=0.0).

l\cq(
"]'0 s)\u-JM 'O;ﬁc“\=.¢(ﬂ=0'
T ~(Ey ¢ | ¥ x Fo.
To 'h\.‘";..w.a, o bserwe el =1L s s () ¢
1
P 20 NxEO, T vl (X v +¥%d0

4 &\ )

R -CM 0. ThY weeans e /Q-\-“-L LGrses w e

¥X-=0

P bonion vade @ x2o wheh 3 h dolndion oF Cm_l.»‘.,,_,?.7
ok oo 57 Lo 7 edi@v=o 850 FG) S

ewdd ¥ xe (Foo,0)H

B‘, s Szunre T)\QO‘H&,
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6. (5pts) Let f(x)=x"—6x"+5x—4Find c =(0,4) such that f'(c) equals the average slope of fover

the interval [0.4] . How did you know such a ¢ existed before you started?
Sl % a PXW;J é ooo ('/\»'l"j ""‘Cl J-I'C.‘)g — (—oo’e.o3 )
—— ﬁ )] ﬁ«-"’"s o EO,"G {\ JI'CM o (‘9/‘4-3 — "\7p a‘./lug_(‘ o-Q

£ (D
1-0O

MVT  aanr Sa-l—-leud - 3 ce Co ) L=

A\ e 5 -d

4 -8 -1%
T .2 -3 W&

Pareo) - o cme
q-0 ‘* . ‘,—J

SET

'PYV-\ = g;‘— m.\rf ", Vj

3y -nx+8 =0
—=2 3(x™ux 21 =N +2

7. (5pts) Suppose f"(x)=20x"-12x"+6x-4. Given f(1)=/"(l1)=5whatis f(x) ¢
v
J

;"(ﬂt NOY-1A 4 lx =N — -
£'»= Sy 3k ¢ —7 $1)=59 3 -4+C = raé=r ‘

s ]
| L= r—xq-‘—X"zX +Cx +-D

1}.}: V=l 4l =2 +5+D=§5

-

= Y+D=S
D=

16
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