110210-3-4.notebook February 10, 2011

Lo § = £_ ()

—

K=o
e dVFom )= AR /

;1‘_ f@:;-] = (s D)

v YV
£oa)= % 4 dg
dq dx

9 ()= S-%X

Feb 10-12:10 PM



110210-3-4.notebook February 10, 2011

33 ¢l

J* E‘al Ix E-_Zj

Feb 10-12:10 PM



110210-3-4.notebook February 10, 2011

3.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

Quick Preview of the Derivative of sin x is given in TEC for 3.4.
http://www.stewartcalculus.com/tec/

y=f(x)=snx

I would like to take a little time to prove that the derivative of sin x is
actually cos x. To accomplish this, we will need a couple of identities from
trigonometry, and we will need to get a handle on a couple of limits that will
crop up.

Recall:
Angle sum identities (We'll only need the first one for the sine proof. If we
were going to do the cosine proof, we'd need the second one, also):

Sin(x+ /)= sim X cos b + s h cog ¥

cos(x+Hh)= Cesk tos h ~ st % so b
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The difference quotient for sin x:

Jx+h) - f(x) sm{x+h)—smx
h - h
SIn X cos /14 sin /2 ¢cos x — sin x
h
sin xcos 1— sin x + sin 2 cos x
h
sin x(cos/2 — 1) + sin zcos x
h
cosh—1 sinh
. p +

= SN X

"COS X

We wish to pass to the limit as 4 -> 0. To do this, we will show that

_sin(h) ho1
lim -1 . COS N
=0k EEL . ° O
. sin A .
If we can prove that ;E]m}] —— =1, we can use it, and some

cosh—1

"algebraic trickery" to prove that },]I]'l 0.
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Claim: lim S0P = |
o—0

Proof: Assume first that|8 lies between 0 and =/2
(Similar arguments hold for negative angles.)

Figure 2(a) shows a sector of a circle with center O, central angle 6, anc radius 1

A D
Are Lemgth = r© =8, £
‘u\.“ f%‘
B
1 E
s § [
C A
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D
B
1 E
PLE [ [
€ A
sin 6 = 1] _ ‘Bq =|BC| =
os|
smé=|BC| < |AB| < arc AB=26 =
in other words, ©
sin 8 < 6 ? < S_ < |
0 lies between 0 and /2. -j.. gr...,
sin 0 i__ t'
9 <l
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6 = arc AB < |AE| + |EB]| 4D)|
1= tand,so |AD| = |OA"[EIIU9
< |AE| + |ED| oA
= |AD| = |OA | tan 0
= tan 6 B —

In other words: € < tan®

In other words: g « s &
CcOs

So a little algebra gives us

sin £
CORE <« ——
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. .. . sin 6
Combining this with our previous result of =

(Cosine and theta

are both positive) mme B o8 sin 0

This compound inequality holds for all & such that0Q < & < %

Now we can SQUEEZE it between cosine and 1!

w6 < L o WrTo

S s
f.,.‘,._ Cos® = fo'-.. & </ 0o (2x43)=5
-0 e—22 %
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Claim: ‘/;m-&h1 = Oj
] f )

cosh—-1 cosh—l_cosh+1
h h cosh+1
) B cog h—1

NEL  h{cosh+1)

\; [
i\‘@

B —sin’ A

 hicosh+1)

sinh_ sin /2
h cosh+1

st b+ dogth = g
-cos? b= sth
tosth-l = s
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Now we have all the pieces we need to finish our proof:

f(x+h)—f(x): . cosh-1 sinh

— s x + "COSX

; -
k-—bO% -.(SQYYO‘\ +(l)(¢'§ X) = dog X

d ['- -l “ 420 prove
—] sSAX [ = dos X -
& £ o {52

@WJ‘ you C‘).om ' L\q we 40 ’y,a‘tr(
The proof for the derivative of the cosine function is very similar, using the

angle addition formula for cosine: AN LIy
e W
cos(x+A) = == 9. cg_fﬂ;_,/go

Proving that the derivative of cosine is sine is #20 in the exercises. It uses the
same sort of argument, only you don't have to do that big, huge geometric
argument that I used for the two limits (which crop up again).

Feb 10-9:36 AM
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J%F"‘“"]’ dos X :7[;0: x-] = -5t X

d Al sin x (eosx)(Cu “_(‘UL“)(- S \e)
dx [tanx] B _|:COS x} - cog™ >
_ des?X +SaX L = ged®X
T T ced*% cost X
. Flobor ron/
S o Py ey
9  dx| sinx | )
#18 i[secx]—i L |
dx  dx| cosx ,
1. Owsmx - I Cosx
#17 i[cscx]:i[# = F_S\MX Cos X - -
dx dx| sin x | o2 x solX

I
- - g P X su;: =E¢$¢-¥ CO*X = dd—;’tcst x]
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DERIVATIVES OF TRIGONOMETRIC FUNCTIONS
d d

(sin x) = cos x s (Csc X) = —csc x cot x

dx

d .
— (cos x) = —sin x — (sec x) = sec x tan x
dx

d
— (tan x) = secx — (co[ x) = —csc’x

dx dx

Test Quastion  Dflonntbnte.

d | Sx's&x |
-6"" SR X + sN‘c..cx)(s-c \t) = (S"L SG%YM X"“"’a -
Sad” X
Feb 9-10:10 AM
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¢
-‘! SyuTsin ¥ Cos ¥3 Jo e
g MJ Rt fee

= 16w (s\kx dosy)$8Sx > (Cesx dos X +(s&.x)(~s&x3)

’ N V—
£ 5 r & 31 NJ“’R" r““J
/\ufn., :Mr
_603 SV X + S'%"c.ocx)(scc x) - (S‘v.‘sc.xysgg x“lh)b
Sed” X
0% SA=¥ SLEX 5 cosw AEX ) SaPslin Sed X shuX
) sa™ ¥ * sed®y dos ) - #e®¥
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