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2.4 THE PRECISE DEFINITION OF A LIMIT

[2] DEFINITION Let f be a function defined on some open interval that contains

the number a, except possibly at a itself. Then we say that the limit of f(x) as x
approaches a is L, and we write

y [ lmf=L

| if for every number & > 0 there is a number & > 0 such that

if 0<|x—a|<é then [fix) - L|<e

You tell me how close f(x) needstobe to L by giving me the

tolerance &, and I'1l tell you how close x needs to be to a by

giving you the &.
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13. (a) Finds

ssuch that if ix - 2[ < 9, then
here ¢ = 0.1.
(b) Repeat part (a) with & = 0.01.

Oops! This one's assigned!

(c) Repeat part (a) with epsilon just a letter. In other words, prove that the limit
as x approaches 2 of 4x is 8.

For a linear function, the delta is pretty easy to find, because the SLOPE of the linear
function determines how fast the function grows, and if you know how fast it grows, it's easy
to make the window skinny enough to keep the function from escaping from the top and

bottom of your "epsilon-delta window" ;’ g'ly £=1( ':‘M
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This one's easier than it looks...

2 ) ) 9 — 4x°
X +-‘_6_;’ 22. lim A
= x—=-15 3 + 2x

21. lim
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Il. A machinist is wquned to manufacture a circular metal disk
with ar cm’
(a) What radius produces such a disk?
(b) If the machinist is allowed an error tolerance of =5 cm®
in the area of the disk, how close to the ideal radius in
part (a) must the machinist control the radius?
(c) In terms of the &, & definition of lim,_., f(x) = L, what
is x? What is f(x)? What is a? What is L? What value of &
1S g_ivcn(Whu[ 1s the corresponding value of 6?7

Alr) = e w xq. = pcx) L= oed c”‘l.
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e
foo =area (awm')
2
- W)
q Tir=woo € =3¢ )
00 j._'. Ty = 060
X" = -'./’ te0
T
()
‘xl - \s ':,.- Take Hu pos'n‘-ﬁe
oo
X = \\ 7 Cn
WINDOW:
xmin: 15
xmax: 20
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ymin: 700
ymax: 1300
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on the small side, so make it something like 0.04 for your tolerance in the measure
of the radius.



7. For the limit

lim (4 + x — 3x°) =2

x— |l

illustrate Definition 2 by finding values of o that correspond
toe =1and & = 0.1.

Your textbook thinks of this as a graphing calculator question. / think of it as
an algebra question.



[6] DEFINITION Let f be a function defined on some open interval that contains
the number a, except possibly at a itself. Then

lim f(x) = =

X—*d
means that for every positive number M there is a positive number & such that

if O<|x—a|<é then flx)>M

1
42. Prove, using Definition 6, that lim ———— =
x—-3 (_t - 3)
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