4.3 Solutions

3. (a) Use the Increasing/Decreasing (I/D) Test. (b) Use the Concavity Test.
(c) At any value of = where the concavity changes, we have an inflection point at (x, f(x)).

4. (a) See the First Dertvative Test.
(b) See the Second Derivative Test and the note that precedes Example 7.

6. (@) f'(x) > 0 and f 1s increasing on (0, 1) and (3, 5). f'(x) < 0 and f 1s decreasing on (1, 3) and (5, €).

(b) Since f'(z) = 0atx = 1 and x = 5 and f' changes from positive to negative at both values, f changes from increasing to
decreasing and has local maxima at x = 1 and x = 5_ Since f'(x) = 0 at = = 3 and f’ changes from negative to positive
there, f changes from decreasing to increasing and has a local nuninmm at x = 3.

8. (a) f is increasing on the intervals where f'(x) > 0, namely, (2, 4) and (6, 9).

(b) f has a local maximum where it changes from increasing to decreasing, that is, where f changes from positive to negative
(at x = 4) Similarly, where f’ changes from negative to positive, f has a local minimum (at =z = 2 and at = = 6).

(c) When f' is increasing, its derivative f” is positive and hence, f is concave upward. This happens on (1, 3), (5, 7), and
(8,9). Similarly, f is concave downward when f' is decreasing—that is, on (0, 1), (3, 5), and (7, 8).

(d) f has inflection points at > = 1, 3, 5, 7, and 8, since the direction of concavity changes at each of these values.

1. (@) f(z) =2*—22"4+3 = fl(z)=42" —dz=4dz(2’ —1) =dz(z+1)(z —1).

Interval z+1 T z—1 (=) i

x < —1 — — — - decreasing on (—oo, —1)
—1<z<0 + - - + increasing on (—1, 0)

0<ax<l + + — - decreasmg on (0, 1)

z>1 + + + + increasing on (1, co)

(b) f changes from mcreasing to decreasing at x = 0 and from decreasing to increasing at x = —1 and x = 1. Thus,
f(0) = 3 15 a local maximum value and f(+1) = 2 are local minimum values.
© f'(x) =122 —4=12(z — 3) = 12(x + 1/v3) (z — 1/V3). f'(z)>0 & z<—-1/vV3orz>1/v/3and
() <0 & —1/y/3 <z < 1/y/3. Thus, f is concave upward on (—oo, —/3/3) and (1/3/3, cc) and concave
2

downward on (—/3/3, v/3/3). There are inflection points at (++/3/3, 22)
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4.3 Solutions

14. (a) f(x) = cos’x — 2sinz, 0< 2 <27 f'(x)=—2cosz sinx —2cosz = —2cosx (1 + sin x). Note that

l+4sinz >0 [sincesinzx > —1], withequality < sinz=-1 < z=3T“ [since 0 < z < 27] =
cosz =0.Thus, f'(z) >0 & cosz<0 & Z<z<Landf'(zx)<0 & cosz>0 & 0<z<I
or & < z < 27 Thus, f 1s mcreasing on (%, &) and f 1s decreasing on (0, Z) and (3F, 27).

(b) f changes from decreasing to increasing at = = % and from increasing to decreasing at = = 3 Thus, f(3) = —2isa
local minimum value and £ (%F) = 2 is a local maximum value.

(© f'(x) =2sinz (1 +sinz) — 2cos® x = 2sinz + 2sin” z — 2(1 — sin® z)

=4sin*z 4+ 2sine — 2 = 2(Zsinz — 1)(sinz + 1)

sof'(x) >0 & sinz>1 & Z<zx< E andf'(z)<0 & sinz<ladsinz#-1 &
0<az<Zorl < x< 3orif < g < 27 Thus, fis concave upward on (Z, %) and concave downward on (0, Z),

(22, 2x) and (£, 27). There are inflection ponts at (2, —1) and (22, —1).

17. f(z)=z+V/1I—2 = f’(z)=1+%(1—z}_1f'2(—1}=l—ﬁ.Notethatfisdeﬁnedforl—rg[];t]]atis,

forz <1 fl(z)=0 = 2yT—z=1 = JI—-z=1 = l-2=1 = z=2 f doesnotexistatz =1,
but we can’t have a local maxinmum or mininmm at an endpoint.

First Derivative Test: f'(x) >0 = < 2and f'(z) <0 = & <& < 1. Since f' changes from positive to
negative at z = 2, f(2) = 2 is a local maximum value.

Second Derivative Test: f"(z) = —1(—3)(1 —z)™%/*(—1) = —ﬁ-

f"(3)=-2<0 = f(2) =3 isalocal maximum value.

FPreference: The First Dervative Test may be shightly easier to apply m this case.

18. (@) f(z) =2z*(z—1)° = f(z)=2*3=—-1) +(z—1) 427 =2%(z—1)* Bz + 4(z — 1)] = 2%(z — 1)*(Tz —4)
The critical numbers are 0, 1, and £
) f'(z) =32 (z — 1)*(Te —4) + 27 - 2(z — 1)(Tx —4) + 2% (= — 1)* - 7T
= a*(z — 1) Bz — 1)(7z — 4) + 22(7z — 4) + Te(z — 1)]
Now f”(0) = £”(1) = 0, so the Second Derivative Test gives no information forz — O or z = 1.
3 =GrE-1D0+0+7(3)(3 - 1] = (3)'(-3)(4) (%) > 0, 50 there is a local minimum at = = 3.
(c) f' is positive on (—oo, 0), negative on (0, £ ), positive on (2, 1), and positive on (1, co). So £ has a local maximum at

;::=0,alncalmjnjmumat;r=%,andnolocalmaxim1m10rmjnjmumat9:= 1.

Page 2




4.3 Solutions

32. (a) g(z) =200+ 82" +2* = ¢'(z) =242" + 42° = 42%(6 + =) = 0 when x = —6 and when = = 0_
g(z) >0 & z>—6 [r#0] andg'(z) <0 < =z < —6,s0 gisdecreasing on (—oco, —6€) and g is increasing
on (—6, oo), with a horizontal tangent at » = 0.

(b) g(—6) = —232 1s a local mmnimum value. (d) 4 /
0, 200
There is no local maximum value. o
$100
(©) ¢"(x) = 48z + 122 = 122(4 + z) = 0 when 2 = —4 and when = = 0. s
g'(z) >0 & z<—4dorz>0andg’(z) <0 & —-4<z<0,s0gis [—4.—2&] *
CU on (—oo, —4) and (0, o), and g 1s CD on (—4, 0). There are inflection
points at (—4, —56) and (0, 200). —6,—232)

39. (a) f() =2cosf+cos’h, 0<O<2r = f(6)=—2sinf+ 2cosf(—sinf) = —2sin8 (1 + cosh).
f(8)=0 & 6=0,mand27 f'(f) >0 & m<8<2rand f() <0 < 0<@&<x. So fisincreasing on
(w,27) and f is decreasing on (0, 7).
(b) f(m) = —1 15 a local minimum value.
©) f'(8) = —2sin6 (1 +cosf) =
F"(8) = —2sin8 (—sin@) + (1 + cos §)(—2cos 8) = 2sin” § — 2cos§ — 2 cos” §
=2(1 —cos®8) —2cos8 —2cos” @ = —4cos"@ —2cosf + 2
= —2(2cos’ @ +cosf — 1) = —2(2cos 8 — 1)(cos 8 + 1)

Since —2(cosd+ 1) < 0 [ford # =], f'(6) >0 = 2cosd—1<0 = cosd

M

3 = Z<o<Fand
f'(8) <0 = cos#>3; = 0<6<Zors <9<2fr_30fisCUOn(% ) and flscnon(n,g)and

(2£,27). There are points of inflection at (£, f(Z)) = (£.2) and (=, f(Z£)) = (£.3).

41. The nonnegative factors (z + 1)* and (x — €)* do not affect the sign of f'(z) = (z + 1)*(z — 3)°(x — €)*.

Sof(z) >0 = (¢—3)°>0 = x—3>0 = =z >3 Thus, fis increasing on the interval (3, cc).
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4.3 Solutions

52. At first the depth increases slowly because the base of the mug 1s

height

wide. But as the mug narrows, the coffee rises more quickly. Thus, of mug
the depth d increases at an increasing rate and its praph is concave
upward. The rate of mncrease of ¢ has a maximum where the mug is

narrowest; that 1s, when the mug 1s half full. It 1s there that the

depth of coffee

IP

mflection point (IP) occurs. Then the rate of increase of d starts to
decrease as the mug widens and the graph becomes concave down.

tim.r_' w
fill mug

56. (a) We will make use of the converse of the Conecavity Test (along with the stated assumptions); that 1s, if f 1s concave upward

on I, then /" > 0onI. If fand gare CUon I, then f” > 0andg"” > 0onIl so(f+g) =f"+¢" >0onl =

f+gisCUonI.

(b) Since f is positiveand CUon I, f > 0and f’ >00n7 Sog(z) = [f(2)]? = ¢ =2ff =

g =2fF +2ff" =2(f)+2ff" >0 = gisCUonl
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