4.2 Solutions

4. f(x) = cos 2z, [7/8,Tx/8]. f,being the composite of the cosine function and the polynomial 2z, 1s continuous and
differentiable on R, so it is continuous on [ /8, 7r /8] and differentiable on (7 /8, 77/8). Also, f(%) = 2 /2 = f(ZF).
flle)=0 & —2sin2¢e=0 & sin2c=0 & 2c=mn & c=Zn Ifn=1,thenc=Z, whichisinthe open

mterval (7/8, 7w /8), so ¢ = I satisfies the conclusion of Rolle’s Theorem.

6. f(x) =tanz. f(0)=tan0=0=tanmw = f(7). f'(x) =sec’z > 1,50 f'(c) = 0 has no solution. This does not
contradict Rolle’s Theorem, smce f’ ( ) does not exist, and so f 1s not differentiable on (0, ). (Also, f(x) 1s not confinuous

on [0, 7].)

8. f(7) — (1) — 2-5 = —%_"Ihevaluesofcwlm:h

T—1 6
satisfy f'(c) = —1 seemtobeaboutc = 1.1,2.8, 46,
and 5.8.

f(2) — f(0)
2—0

12. f(z) =2+ =2 —1, [0.2]. f is continuous on [0, 2] and differentiable on (0,2). f'(c) = =

9—-(—-1 .
3cz+1=# & 3=5-1 & =2 & c=:|:?2-5,bulunlyfj§15m(ﬂ.,2)_

13. f(z) = ¢/x, [0,1]. £ is continuous on It and differentiable on (—oo, 0) U (0, 0o), so f is confinuous on [0, 1]

and differentiable on (0, 1). £'(c) — M e L _fW-/@ , 1 _1-0

= = —_—
—a 3c2/3 1—0 3c2/3 1

377=1 & =1 & 2=(1)=L & c=+/% =+ butonly Lisin(0,1).

14. f(xj=x+2, [1,4]. f is continuous on [1, 4] and differentiable on (1,4). f'(e) = —ﬂb) f(a) =
2 _1-1 . o o
cr2? _1-1 ° (c+2)?2?=18 & c=-2£32 —2+32~2241sin(1,4).

20. f(z) = =* + 42 + c. Suppose that f(x) = 0 has three distinct real roots a, b, d where a < b < d. Then
fla) = f(b) = f(d) = 0. By Rolle’s Theorem there are numbers ¢; and co witha < ¢; < band b < ¢3 < d
and 0 = f'(e1) = f'(c2), 50 f'(x) = 0 must have at least two real solutions. However
0= f'(x) =42 + 4 = 4(2® + 1) = 4(x + 1)((«® — = + 1) has as its only real solution = = —1. Thus, f(x) can have at

most two real roots.
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4.2 Solutions

23.

26.

By the Mean Value Theorem, f(4) — f(1) = f'(c)(4 — 1) for some ¢ € (1, 4). But for every c € (1,4) we have
f'(€) = 2. Putting f'(c) > 2 into the above equation and substituting (1) = 10, we get
F4) = f(1)+ f'(c)(4— 1) = 10+ 3F'(c) > 10+ 3-2 = 16. So the smallest possible value of f(4) is 16.

. If3 < f'(z) < 5 for all =, then by the Mean Value Theorem, f(8) — f(2) = f'(c) - (8 — 2) for some ¢ in [2, 8]

(f 1s differentiable for all . so, in particular, f is differentiable on (2, 8) and continuous on [2, 8]. Thus, the hypotheses of the
Mean Value Theorem are satisfied ) Since f(8) — f(2) = 6f'(c) and 3 < f'(c) < 5, it follows that

6-3<6f(c)<6-5 = 18 < f(8) — £(2) < 30.

Let h = f — g. Then since f and g are continuous on [«, b] and differentiable on (&, b), so 1s k, and thus h satisfies the
assumptions of the Mean Value Theorem. Therefore, there 1s a number ¢ with & < ¢ < b such that
h(5) = h(b) — h(a) = K (<)(b — a). Since A (<) < 0, '(c)(b — a) < 0, 50 £(b) — g(b) = h(b) < 0 and hence F(5) < g(b).

. Let f(x) = sinz andlet b < a. Then f(x) is continuous on [b. ] and differentiable on (b, o). By the Mean Value Theorem,

there is a number ¢ € (b, a) withsina — sinb = f(a) — f(8) = f'(¢)(a — b) = (cosc)(a — b). Thus,
|sina —sinb| < |cose||b—a| < |a—b|.Ifa < b, then |sina —sinb| = |sinb —sina| < |b — a| = |a — b|. If @ = b, both
sides of the mequality are 0.

. Assume that f is differentiable (and hence continuous) on It and that f'(x) £ 1 for all . Suppose f has more than one fixed

point. Then there are numbers a and & such that & < b, f(a) = a, and f(b) = b. Applying the Mean Value Theorem to the

a

function f on [a, b], we find that there is a number ¢ in («, b) such that f'(c) = w.Butthenf’(c} = ::a =1

¥

contradicting our assumption that f'(x) £ 1 for every real number . This shows that our supposition was wrong, that is, that
f cannot have more than one fixed point.
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