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7.

4.

42,

1+2 ifz<0 ’
flzg)={2—=x f0<a<2 0,2)
(z—2) ifz>2 (0,1
f is contimuous on (—co, 0), (0, 2), and (2, co) since it is a polynomial on U‘ (2:0} *

each of these intervals. Now lim f(z) = lim (1 +2*)=1and lim+ flz)= 1im+(2 —x)=2s0f1is
=—0— e—0— 22—l sl
discontinuous at 0. Since f(0) = 1, f is continuous from the left at 0. Also, lim f(z) = lim (2 —=z) =0,
o—2 om—2
lim, flz)= lim, (z —2)® =0, and f(2) = 0, so f is continuous at 2. The only number at which f is discontinuous is 0.
m— 2 m—2

A=) cxl+2x ifzx<?
Tl =
x® —ex if =2

f 1s continuous on (—co, 2) and (2, oc). Ncrwzlin_f_ f{r}=:].irgl_ (cx® +22) =4c+ 4 and
z£T+f(x}==£T+(x3—cx)=8—2c.Sofiscnn1i11um15 2 4c+4=8-2c & 6c=4 & c=32 Thus, forf
to be continuous on (—oc, 00), ¢ = 3.

x?—4

x—2

F@) = ax?—be+3 if 2<2<3
2o —a+b if >3

if x<2

2_ p—
Atz=2 lim f(z)= lim > 2 im EFDE=D _ W i —242-2

&2 z—2— ¥ — '3 x—2 =2

lim f(x) = lim (az® —bx+3)=4a—2b+3
z—2t z—2t
Wemusthave da — b+ 3 =4, orda —2b=1 (1).
Atz =3 lim f(z)= lim (ax® —bx+3) =9 —3b+3
z—3 T—3
lim f(z)= lim (2r—a+b=6—a+b
z—3t z—3t
Wenmusthave9a — 36+ 3 =6 —a+b,orl0a —4b=3 (2).

Now solve the system of equations by adding —2 times equation (1) to equation (2).

—8a +4b= -2
10a —4b= 3
2a = 1

So a = 1. Substituting 1 for  in (1) gives us —2b = —1,s0 b = % as well. Thus, for f to be continuous on (—oc, o),

—p =41
a—b—z_
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46. Suppose that f(3) < €. By the Intermediate Value Theorem applied to the continuous function f on the closed interval [2, 3],

61.

the fact that f(2) = 8 = 6 and F(3) < € implies that there 1s a number ¢ mn (2, 3) such that f(c) = 6. This contradicts the fact
that the only solutions of the equation f(x) = 6 are x = 1 and x = 4. Hence, our supposition that f(3) < € was incorrect. It
follows that f(3) > 6. But f(3) € because the only solutions of f(x) = 6 are x = 1 and = = 4 Therefore, f(3) = 6.

. f(z) = cosz — = 15 continuous on the interval [0, 1], f(0) = 1, and f(1) = cos 1 — 1 =z —0.46. Since —0.46 < 0 < 1, there

1s a number ¢ in (0, 1) such that f(c) = 0 by the Intermediate Value Theorem. Thus, there 1s a root of the equation
cosz —x = 0, or cos x = x, in the interval (0, 1).

0 if risrational )
glx) = o 1s contimious at 0. To see why, note that — |x| < g(x) < |=|, so by the Squeeze Theorem

x 1if x is irrational
lin}]g(.r} = 0 = g(0). But g is continuous nowhere else. For if a # 0 and ¢ > 0, the interval (a — é. @ + &) contains both

infinitely many rational and infinitely many irrational numbers. Since g(a) = 0 or a, there are infinitely many numbers = with

0 < |r—a| <dand|g(x) — gla)| > |a| /2. Thus, lim g(z) # g(a).

If there is such a number, 1t satisfies the equation 2° +1 =2 <« 2% — 2+ 1 = 0. Let the lefi-hand side of this equation be
called f(x). Now f(—2) = —5 < 0,and f(—1) = 1 > 0. Note also that f(x) is a polynomual, and thus continuous. So by the
Intermediate Value Theorem, there is a number ¢ between —2 and —1 such that f(c) = 0, sothate = ¥ + 1.
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