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Section 4.1 - Exponential Functions Kick-Start

Taken from Section P.3:
If @ is any real number and n is a positive integer, then the nth power of a is

a" =a-a-----a

"
A o op 'QM

The number a is called the base, and n is called the exponent.
(.. or "power.")

Example:  £3y = (-3)(-DENED = ol
\_/-\/\/
H of 'em

_31 - _ 93335 -8I

Multiplying two powers of the same base: Add Exponents.

m+n

ca----ra=a

aa" = (a a- )(a ca) =a-a

m factors n factors m -+ n ftactors

aman — am-i-n.

s 2755 - @/(:?

£ 'emn

Zero and Negative Exponents:
If a # 0 is a real number and »n is a positive integer, then
a’ =1 and g "= =

a—
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‘z=2 "Tover @ w‘wﬂ"w@,

a
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Laws of Exponents:
Law Example Description
1. d"d" = """ 3.3 =3 =737 To multiply two powers of the same number, add the exponents.
m 35
2 GT =g" " 7 =it = To divide two powers of the same number, subtract the exponents.
a
3. (@) = a™ (3%)° = 325 = 310 To raise a power to a new power, multiply the exponents.
4. (ab)" = a"b" (3-4)* = 32-4? To raise a product to a power, raise each factor to the power.
a\" _a" 3 2 _ 3_2 To raise a quotient to a power, raise both numerator and denominator
= b) b 4/ 42 to the power.
a\™" _(b\" (3 -2 _ (4 2 To raise a fraction to a negative power, invert the fraction and change
e b " \a 4 T \3 the sign of the exponent.
- a" b E . f To move a number raised to a power from numerator to denominator
e gt 475 32 or from denominator to numerator, change the sign of the exponent.
Ly 'Z x> J
: - - ____%_) _—-—1> - _\J—-—— ;’C_-::{Q
2 9 1y~ (32 e
3 3
9 Wz Q! _ Y - 2
SIS C ST T 027
311 3 ,- 3
LIS
= t s \ b 1T
2,3\ -3 -3 -3
DN L a amed) e eryre)
2,34 -
Xyz
z ) ¥‘75— 3 vzéf-) xj\j‘r
= T = = = __4£
%Yy = 23 =27
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Section 4.1 - Exponential Functions Kick-Start
Taken from Section P.4

The Principal Square Root:

2
Va="b means b*=a and b=0
The Principal n™ Root:

If n is any positive integer, then the principal nth root of a is defined as
follows:

Va = b means b" = a

If n is even, we must have a = 0 and b = 0.
-Fof' ?r.c+'C~| P\A"P°9'-S, we Fninle of \h/a_ as a

\
—_—
n

For any rational exponent m/n in lowest terms, where m and n are integers and
n > 0, we define

mfn n/ m

a"" = (Va)"  orequivalently """ = Va

If n is even, then we require that a = 0.

\4/'(_4 . quD "o watler what X, so 'D°M4U'VI/‘\’¢’2 s (‘o@,aq)
omd soce % s A positive T ool o F Y, we have

w::\&\/j‘“s-,- Xrlde \/ x* =lx¢

¢
Buﬁ-/“)\'\.uvu-w —H«pu.\s a A\ ‘X qr-elokd/ we Mus,[_ b\aw X, 20

oY= X, mat Ixl.
1 A L N P N
N2 (q)“ A\x\, skl T oas X Salied
v (¥ $e domala eas needed.
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Vit = (&)= SO g
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Section 4.1 - Exponential Functions Kick-Start
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Section 4.1 - Exponential Functions Intro
Section 4.1 Proper:

The exponential function with base a is defined for all real numbers x by

f(x) = a"

%
where @4 nda# 1. Newn cae (X))

While this looks familiar, we haven't actually seen any functions with the
variable in the exponent.

waples .FCK)'=3,‘ or fu)= 2"

While it may seem of no consequence, extending what we know about integer
and rational exponents to ALL real numbers is not a trivial matter, even

though your intuition tells you that it should work the way we say it does, and
that these exponential functions are smooth, positive, and they grow very fast.

al < V3 = 133205,

\A/"\":’—"'m 2 s, wre -¢r-p-49‘" A ww-S'A
1732 ¢ al.?é?,

32 =33
%o d o %0 )

. a3 . .
We can approximate 2~ as close as we want, using rational exponents,.
Just run the square root of 3 out farther and farther.

V3 = 1.732050808... (1nFonide, non-repeating oo dmal)

by Mo

~ 1.7320508075688772935274463415058723669428052538103806280558069794
W ylGram Alohs
so we surmise that 3 does exist, and it is a real number between

11 .7320508075688772935274463415058723669428052538103806280558069793

and
11 .7320508075688772935274463415058723669428052538103806280558069795

and both numbers are ridiculously close to its actual value.
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What does £()=2" look like?

Section 4.1 - Exponential Functions Intro
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Scaling Constrained.

Section 4.1 - Exponential Functions Intro

i; j(&\’—“L‘;:)’:M 9(&) = (1")x= k= ,C(-x) ;;-\ p&)ﬂﬁ/
P mcprocal base nes I in a4 pblctie, abot + y—axs /
Wt cwj, ?""PL ?()0:(%,)‘: 2-r b) &tm:g&«.& +k.(

a=(-3,®)
8=&2, w)
e= (=Y )
p=(0, 1)
e=(LY)
F=0 %)
a=G, A.:'D

E,‘Poncwl’“ |

pewTH

e

e F &

3 @;'))(; Y4X4 | == 5)‘3 ’QtpomiLf..poéxqj

And finally, bl =2 %

2t o

GCrowTH

Exponential growth is much greater than polynomial (power-function) growth.

X
o Cl=2

Scaling unconstrained for clearer picture,
qualitatively.

Quantitative correctness

makes things tall and skinny.

The "eventually" picture:

(o

o

Fact: Exponential growth will
always catch up to and surpass
mere power-function growth.

You'd get the same thing if you
compared

) 3
<P o le0l

Evemtually | oo™ will be
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Section 4.1 - Exponential Functions Intro

Simple and Compound Interest

Recall: Simple Interest

P= pr'.nciPJ-: Sharbimg ammownt = Presenr Valug (; #)
A= Cuhre Value = A (€) as a Lot o

£=time in years
2 Ammuad whaast Aate. (?—”/,, e s .-07-\

. Jpr,,,rh»\ » L 4 p..;..ap,.ﬂ exrmed each yean .

= tur ﬁ(')=P"’?r = PG+ = 100(1.05) = '
t=4yr prPr(d) w2+ 2T o0 (1035 = Kiorso
=2y e+ or(z) = "(“""L"—7 = ,so(,_uw - Bnaoce

Al)- P+Prt _,_?(H-"t)

$500 loaned at 5% simple annual interest for 3 years.

It earns $25 every year, and that's it.

To convert this to compound interest, suppose at the end of the year, that $25 is

added to the principle, so the next year, you earn 5% of $525, and the future
value is

p0)= E5AS+ o5 (sa8) = booe + £aear = £ 55128
Thy 15 battsr Hram shmple inbawst

Y
lr S0 + o€ (500) = So0 (1405

2 So0(ises + o5 (520 (u-.orﬂ =2 swolt+o)( | 4__,_5—)
= 500 (H—.as‘?
P(H—"Sk
s‘aa(u.as‘)q—z 5T12S ’ =

That's compounded annually. For compounding more than once per year,
it's a little trickier.

Let m = the number of times you are going to compound per year
Define:

n = mt = the total number of compounding periods in t years.
i = r/m = the interest rate per period.

Here's how it works:

Peciod Amount A
| P+ S P= PlH_:)

2 PO+S) + £(PEN) = "(““%5[' * ":J

= P(“’E\ S—L
e
n ’ "
POI1+%)

You will typically be given the timez in years. This gives a totally broken-
down formula for the future value for compound interest:

A(+\=?(c+&)'"+

n
s pact v o AT PL+0)
Mo o
S&(*’ql’u‘_e“d'

We will define Present Value and Effective Annual Rate as they arise in the
exercises.

LA

Examples of the above discussion are embedded in the exercises, starting
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The function f(x) = 5X is an exponential function with base i f(=2) = ,
Lo = LRn=[ a5 JandAe)=[s¢ .

-~ = L

A
s @ T iy

Match the exponential function with its graph.

2
(a) fix) =2
(b) fix) =277
(c) fix)==2%
(d) fix)=-27%
Dowon
(a) To obtain the graph of g(x) = 6% — 1, we start with the graph of f{x) = 6% and shift it 1 unit.
3 A -1\
£ Y
(b) To obtain the graph of h(x) = 6% ~ 1, we start with the graph of f(x) = 6% and shift it to the 1 unit.
£0x1)
t
In the formula A(t) = P(l + L)” for compound interest, the letters P, r, n and t stand for  ---Select--- v,
n
4 [---Select--- v |, [--Select-- v | and [---Select--- 9
respectively, and A(t) stands for [--Select--- v |. So if $200 is invested at an interest rate of 4%

compounded quarterly, then the amount after 4 years is $ |:] . (Round your answer to the nearest cent.)

01 PN("\ dp“ﬂ
‘,0 :v\'L'v<‘- ML’

> [V ania)
v *os: Pu.béé o2 y-lM-
Moof

(j: us€ “'wm’' T ;'I-'-MG, o[\ 'n: reserv.'a »

for n=mbt= “‘04'“'4 # oL PMmJS.B
+= time in 74%5
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X
The exponential function f{x) = (%) has the asymptote y = S . This means that as x — o, we
reve (1) 5[0 o worle ©
6 | LV v =2 52
( 0\ A

0 (£Y> 0 Lowys

— —‘— _——— = — \J'_'
The exponential function f(x) = (%)X + 2 has the asymptote y = . This means that as x — o,
1N\X l x
werove (1 v2m 2| ;-3 —
X - (-2 2
L = + “pP
‘p(‘\_; (_,‘\ +- j ’)

Use a calculator to evaluate the function at the indicated values. Round your answers to three decimal places.

f(x) = 9%

4
1y _ a°= 3
f(3)=2 | \ﬁ
0 S — LN

G L A
GO R B R P

Sketch the graph of the function by making a table of values. Use a calculator if necessary. (Simplify your answers
completely.)

flx) = 3% If you want to see me plug points in and turn the

” crank like a drone, please see the introductory
M:_3] videos. We're to the point where we should be
- able to throw a quick sketch of this function on
~ — a piece of paper.
0 /\\)
: e (1,3
4 L ]

‘j\/ (0,

mmmmmm-.}. ........ l7=0

November 03, 2023

10
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Sketch the graph of the function by making a table of values. Use a calculator if necessary. (Simplify your answers

completely.)

/M

] e ] e

10 Graph both functions on one set of axes.

fix) = 2% and g(x) =27%

See Intro Video: 00c-Intro-to-4-1-Proper.mp4

11 Graph both functions on one set of axes.

f(x) = 37X and g(x) = (%)X

See Intro Video: 00c-Intro-to-4-1-Proper.mp4

12 Find the exponential function f(x) = a* whose graph is given.

Y Ehd a 3

11


https://harryzaims.com/public_html/121-online/1340-online-fall-23/videos/Chapter-4/4-01/video/00c-Intro-to-4-1-Proper.mp4
https://harryzaims.com/public_html/121-online/1340-online-fall-23/videos/Chapter-4/4-01/video/00c-Intro-to-4-1-Proper.mp4
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13

Find the exponential function f{x) = a* whose graph is given.

y

3r See =+\2
W"‘-—'L

2r z—l

L
&

12
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Consider the following exponential function.

15 flx) = 4¥* 1 '-j(x'-ly LefrF 1wl

Explai raph of fis obtained from the graph of g(x) = 4*.
shift left 1 unit

O shift downward 1 unit 5
A

NG
O shift right 1 unit -
O shift upward 1unt =W aETTEETgmeTTsesssessessseeataanaaaen 5:0

Match the exponential function with one of the graphs labeled I or II.

Consider the following exponential function.
16 f)=a"+1 = g6)+

Explain how the graph of fis obtained from the graph of g(x) = 4*.
O shift left 1 unit
C_I’E\

O shift downward 1 unit
O shift ri

shift upward 1 unit

Match the exponential function with one of the graphs labeled I or II.

13
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17

In this exercise we compare the graphs of two exponential functions.

Sketch the graphs of f(x) = 4’2 and g(x) = 2%

L

VL VL g G*)x= Tl e

UsgtRe Laws of Exponents to explain the relationship between these graphs.
(x,fz) - (22)()@’2) = 22(x/2) — ox

O 4{)(/2) = 4X . 4X = 22X . 22X = (2)()4
O 4072) = (472)% = 2%
O 4()(,/’2) - (2X/’2 + 2)\’/‘2) =2. 2X/’r2 — 2X

O gqx/2) o gX . g2 g% .2 =2. (2X]2
vy,
w3l I

Y N

same !

14
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18

19

Compare the graphs of the power function f and exponential function g by evaluating both of them for
x=0,1,2,3,4,6, 8, and 10.

fix) = x%  g(x) = 2¥

Draw the graphs of f and g on the same

X fi = 2 = ZX
£ == b set of axes.

1| o l See Intro Video: 00c-Intro-to-4-1-Proper.mp4

10 || I l

Compare the graphs of the power function f and exponential function g by evaluating both of them for
x=0,1,2,3,4,6, 8, and 10.

f(x) = x%  g(x) = 5%

x f(x) = x° g(x) = 5%

o || || l See Intro Video: 00c-Intro-to-4-1-Proper.mp4

10 || ||| l

Draw the graphs of f and g on the same set of axes.

15


https://harryzaims.com/public_html/121-online/1340-online-fall-23/videos/Chapter-4/4-01/video/00c-Intro-to-4-1-Proper.mp4
https://harryzaims.com/public_html/121-online/1340-online-fall-23/videos/Chapter-4/4-01/video/00c-Intro-to-4-1-Proper.mp4
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20 This exercise involves a difference quotient for an exponential function.
If f(x) = 2%, show that

flx + h) — f(x)

=2x(2h—1).
h

h

Simplify your answers completely at each step.

Gevt, £Oa)

e

In calculus, the idea is to let ;2 go to 0. N
v
= 27 (?"’E"‘-)

Fletl Flokz Floks T I
S EC2MH-1 0 Intz.
wz= ,1%1 ?E%EEE 69314715686
.‘_‘$3f oot | 69339
e el
._ﬂg; et Baiit
N e= H=1E"-G

This exercise involves a difference quotient for an exponential function.

If f(x) = 8% ~ 1, show that

flx + h) = f(x) =8x—1(8h—1)
h h '

Simplify your answers completely at each step.

fix) = 8%~ 1so

_8X—1

fix + h) — fx) _
h

)_8x—1

f(x) = 2%, so
fix + h) — flx) _ - 2%
e
h
(ZX)( ) -2 x+h
= Line H#as5 5SRe
h _ pc, WD — F(J‘)
X 2" -1 i —’T_:;_J
=2 (—) X-,:'K, x+
h

27 )

h

h
X — h_
_gx-18 - 1)_

Flobl Flokz Flak: & Yy INT TR

S BECEE-1 0o | | 7 6931471286
N Lo |2y [Inesd

‘-."r' == :mu E:':'Hiﬁ 2 " 6?9441542
Ny = iE-4 | zo7E7
e = iE-E | z.o7EE
N iE-6 | z.oray
mYr= =1

16
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A bacteria culture contains 1,300 bacteria initially and doubles every hour.

22 (a) Find a function N that models the number of bacteria after t hours.
Houwd
N(t) = | 1300 -2
20 1300:12°2. = |3°°'11
3 130043%2 = |7¢>0-'2—3

(b) Find the number of bacteria after 24 hours.

160

Le £ NE) = Number of b4
Thaw NCE) = |3¢>(’f)l.‘u"~ﬂ\l
L= ke » hoursS

t
T Wup Na’)——N;'Q- ,w hew N, = N(o\:‘l‘h:_l_‘\JPop—

A certain breed of mouse was introduced onto a small island with an initial population of 320 mice, and scientists estimate
that the mouse population is doubling every year.

[ l bacteria

23 (a) Find a function N that models the number of mice after t years.

N(E) =

(b) Estimate the mouse population after 8 years.
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24 r=5% - wt
A= P+ 2)
(VT::FZ) Amount = _0{
> 12
v ] "
£
2 sl ===
5 : w\t= (1-+
R
4 s ] vyl 792, 564736
i
s sl L, 3792.564796
i
R R —] | 15982, 35755

)= voso (1=3%F)

Vi3 15982.3Elr":u::w( 2EAE4 ., VER94 :}ﬁtaieglété(?ﬂa .y
1 4 +4,5-
26054, TEAS4 42572, 7529|3340 124 )
Wy 4 LR RS “Yez=1
V5 425?2.?8521111{ 69482, FI309 H$3=
i L =
E482, 79369 . 113482, 45589 3;:
Vi

An investment of $6,000 is deposited into an account in which interest is compounded monthly. Complete the table by
filling in the amounts the investment grows to at the indicated times. (Round your answers to the nearest cent.)

1zt

ai
1E-B G000

H=1E-S

TP NToY
=
'—
m
]
L
=m
=

Table is quicker, but it doesn't carry enough significant digits, so it starts
chopping off the decimals, which sucks.

(a) 6 years

If $4,000 is invested at an interest rate of 6.5% per yea

sL ]

(b) 12 years

sl

(c) 18 years

sl

IS m-nsS7, Ll—-l

you Jguo'-l— hew G ?\AP
puw-\.ll'? tree Lo

25 If $9,000 is invested at an interest rate of 7.75% per year, compounded semiannually, find the value of the investment (in
dollars) after the given number of years. (Round your answers to the nearest cent.)

@=1800, m=L pariods per yea»

compounded daily/ find the value of the investment (in dollars)

after the given number of years. (Round your answers to the e

26 ,, .
a years
N — e 3es
(b) 4 years v= ,0(0{- = a d ‘Tzefz— . b‘h"L
sL 1 meuS wladoh o
(c) 8 years Leave
U Keep this "compounded daily" exercise handy, to
4357 2. ro523] compare it to ""compounded continuously" in the
103 sequel.
£9422, 7IIa9
113482,4552
« BES- 365 )
. 1.728821915e-4 ‘Ma.-;.go-a-a.-c,ua s r

e 4 wﬁ 1

L‘:’ 4«.0:.4-4\#‘

at
/HDN ¢°“~P‘€“'L'¢

18



4-01-notes.notebook

If $18,000 is borrowed at a rate of 4.75% interest per year, compounded quarterly, find the amount due (in dollars) at the
27 end of the given number of years. (Round your answers to the nearest cent.)

(a) 4 years

sl

(b) 6 years

i

(c) 8 years

s

The present value of a sum of money is the amount that must be invested now, at a given rate of interest, to produce the
28 desired sum at a later date.

How much should be invested now (the present value) to have an amount of $10,000, 4 years from now, if the amount is
invested at an interest rate of 6% per year, compounded semiannually. (Round your answer up to the next cent.)

s B}
C=.,06 Umew A(u)z $1000€

m= L wadt P/

wt
P+ = Ay =

r —W\+
Y = __A-_‘;‘Li;kzﬁ—(*‘)(|4.;\\
(+5) o
PlY= A ('+ )
ek PCu)= 10000 (1 +ENTH) g s;?—w‘.?l@
)  (oresiy
CERE T+ BE1Z)" 22
Ans+C 1+, 862278 Yy, A= foeD
27E0. 311223 o N A_q’ww
1886881+, 86-23" -
{24

o o)
o0 ' 2
s o 197,93

'—l-
L D T B o L L

29 The present value of a sum of money is the amount that must be invested now, at a given rate of interest, to produce thj
desired sum at a later date.

How much should be invested now (the present value in dollars) to have an amount of $275,000, 4 years from now, if the
amount is invested at an interest rate of 7% per year, compounded monthly. (Round your answer to the nearest cent.)

sl
See #28

November 03, 2023
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This question has several parts that must be completed sequentially. If you skip a part of the question, you will not receive
any points for the skipped part, and you will not be able to come back to the skipped part.

30

Find the annual percentage vield for an investment that earns 4% per year, compounded monthly.

Step 1

Recall that for an investment that earns compound interest, the annual percentage yield (APY) of the investment
is the simple interest rate that yields the same amount at the end of one year.

We are asked to find the APY for an investment that earns 4% per year, compounded monthly. So in this case,
the investment calculates interest not only on the principal, but also calculates interest on the interest that has
accumulated in previous months. We want to find the simple interest rate that yields the same amount of interest

over a year.

First, find the value of the investment after one year with the 4% interest compounded monthly. (Round your
final answer to four decimal places.)

12
Acompound = P(l + )
12

P( )

Recall the formula for simple interest on principal P with rate r is as follows.

I called this effective rate of interest, which is the term used in some texts.

I'll try to stick with "APY" or annual percentage yield.

Here's the idea: We want the simple interest rate with the same
future value after one year of some given compound interest rate.

=04
r=a W amt ‘e GD'H\‘\-‘P sl

- o¥ \2-
= ?(|+r‘[|\» =P(|+T€.\ = P(""'—Fy\s

L.D‘,)’Z
(IF.84-12712-1 = ue = (F= .
. 0467415429 SV - O =Y
('&-;Q“"ﬁ/ {

~ .010'-?-‘41?‘4'1_‘) o2

lad

vYoIursyrd %

31 Find the annual percentage yield for an investment that earns 5%% per year, compounded quarterly. (Round your answer

to two decimal places.)
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