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Section 3.5 - Complex Zeros and the Fundamental Theorem of Algebra

Recall: A polynomial P(x), of degree n, has at most n - 1 extrema.

This means you can have at most » real zeros, and it requires » - 1 extrema
and the maxima have to be above the x-axis and all the minima have to be

below the x-axis.

But we know that this is a somewhat special situation, and you can have local
maxima that are negative (below the x-axis) and we can have minima that are
about the x-axis, i.e., positive.
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The field of Complex Numbers is "algebraically closed." That means that every
polynomial of degree n will have n complex zeros. They might all be real, as
described, above, but they might not.
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Why mess with all this stuff when we have computers and do everything
digitally?

Because digital/decimal solutions always have some round-off to them. To
defeat your graphing calculator, all I have to do is create a decimal that
doesn't repeat until more digits than your calculator can handle.

While we do have Computer Algebra Systems that do symbolic
manipulations that we're teaching, here, they can still let you down any time
you go beyond their programmed abilities.
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Homework
1 The polynomial P(x) = 5x2(x — 1)?(x + 9) has degree [ . It has zeros 0, 1, and The zero 0
has multiplicity , and the zero 1 has multiplicity .
(a) 1If ais a zero of the polynomial P(x), then| x =2 must be a factor of P(x).
2
(b) 1If ais a zero of multiplicity m of the polynomial P(x), then (“—1-)‘”\ must be a factor of P(x) when we factor P
completely.

3 A polynomial of degree n = 1 has exactly n

zero(s]}if a zero of multiplicity m is counted m times
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True or False? If False, give a reason.

5 Let P(x) = x* + 1.
(a) The polynomial P has four complex zeros. T ue , Zenos Theoremn (P7 325—3
(b) The polynomial P can be factored into linear factors with complex coefficients. “JAwt « ?7 Tenos
(c) Some of the zeros of P are real. Valse . -r)/u"u"”' B Fachn
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From the Crash Course in Trigonometry

True or False? If False, give a reason.

5 Lot P(x) = x* + 1. —ei> xq:-l

(a) The polynomial P has four complex zeros.

(b) The polynomial P can be factored into linear factors with complex coefficients.

(c) Some of the zeros of P are real.

Fact: The Complex Numbers, the Complex PLANE, is precisely the number
field we needed to guarantee that every polynomial of degree n has exactly n
zeros, if you count multiplicities as separate zeros. It took a whole 2nd dimension
to do it, hence the Complex Plane, versus the Real Number Line.
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From the Crash Course in Trigonometry
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True or False? If False, give a reason.
6 Let P(x) = x3 + x. = x(x*+ ')

(a) The polynomial P has three real zeros. SaLse. & is i+s -ty "”“:’
220, %24l has =ewS e

v
(b) The polynomial P has a’-t)least one real zero. o =+’\lf. _al
Lerl L7 X2 End behavior x=E=NS
(c) The polynomial P can be factored into linear factors with real coefficients.
SALSE Mo, PO = x (x= D) (x+¢)
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P(x) = x* + 0x2

(a) Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the appropriate multiplicities.)
2 SeT -
POz ¥ (44) =0 -2 x=0, £3¢ 2 _q

X
Y‘(K"5;‘(x+=.>‘l-\ x=*\-7 =+ Zﬁ; = i-?"

(b) Factor P completely.
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A polynomial P is given.
2 . .
8 Py =5+ 00 = vE(XTHC) = 33 (x2 (8) ) = x (X ®) (c+8:)

(a) Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the
appropriate multiplicities.)

- O's o o,9,0, B, -8<
(b) Factor P completely.
X~ 0 er.  x*4Ct+ =0
_ x~= -4

vt Ny =% &
A polynomial P is given.

9 P(x) = x3 — 10x2 + 41x

(a) Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the
appropriate multiplicities.)
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Consider the following expression.

L -2
10 x*+50x2 +625 = U +5Qu +b2§‘/«)‘u~ U= x", Thao
2
Factor the given expression as much as possible. (u _,_4.;-) ’_‘:’0 -
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Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the

appropriate multiplicities.) ! ”
= + S'&J.ca.oL o¥ MJ\‘?;BZ:!} -~=1 .

Weabllssign <epacks + 0,60 505

Let p(x) = x* + 50x2 + 625

11 Let o0 = x3 + 215

(a) Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the
appropriate multiplicities.)

(b) Factor P completely.
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A polynomial P is given.

12 P(x)=x5-1

(a) Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the appropriate multiplicities.)

(b) Factor P completely. 2 )
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(b)

Let pix)=x6-7x3-38

appropriate multiplicities.)

Factor P completely.

(a) Find all zeros of P, real and complex. (Enter your answers as a comma-separated list. Enter all answers using the

Laty ¥2=u. Then
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.. is the linear factorization promised us!
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Find a polynomial with integer coefficients that satisfies the given conditions.
20 L'>I'~\4=lgus are rexl
R has degree 4 and zeros 3 — 4f and 5, with 5 a zero of multiplicity 2.
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Find all zeros (real and complex) of the polynomial. (Enter your answers as a comma-separated list. Enter all answers using
the appropriate multiplicities.)

22 Jyy 0 Posthe

P(x) = x* — 6x3 + 18x2 — 54x + 81
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